
 

 

CLASS : II M.Sc Chemistry                            SUBJECT: PHYSICAL CHEMISTRY-II 

 SEMESTER III                                                       SUB CODE: P16CH32 

UNIT I: Quantum Chemistry - II and Group Theory  

  

Applications of wave mechanics – the harmonic oscillator, rigid rotator – hydrogen and 

hydrogen like atoms – shapes and nodal properties of orbitals – space quantization – 

approximation methods – methods of variation, application to hydrogen and helium atoms 

– perturbation method – nondegenerate systems – helium atom – effective nuclear charge.  

  

Electron spin – many electron atoms – Pauli’s principle – Slater determinants – atomic 

structure calculation – self-consistent field method – Hartree-Fock method for atoms – 

angular momentum in many electron systems – spin-orbit interaction, L-S and j-j coupling 

schemes.   

  

Symmetry adapted linear combinations (SALC) – vibrational spectra – symmetry 

properties of normal molecules – symmetry coordinates – selection rules for fundamental 

vibrational transition – IR and Raman activity of fundamentals in CO2, H2O, N2F2 – the 

rule of mutual exclusion and Fermi 

 

One dimensional  harmonic  oscillator 

Harmonic oscillator  is a  system that when displaced from its equilibrium position experiences a 

restoring force F proportional to displacement 

The quantum harmonic oscillator is the quantum-mechanical analog of the classical harmonic 

oscillator. Because an arbitrary smooth potential can usually be approximated as a harmonic 

potential at the vicinity of a stable equilibrium point, it is one of the most important model 
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https://en.wikipedia.org/wiki/Harmonic_oscillator#Simple_harmonic_oscillator
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systems in quantum mechanics. Furthermore, it is one of the few quantum-mechanical systems 

for which an exact, analytical solution is known. 

There are a few simple systems where the potential enrgy constant . yet the schordinger equation 

for such systems can be exactly solved.The simplest examples are given by the vibrations of a 

diatomic molecule and motion of an atom in a crystal lattice. 

A model for such system  is a particle of appropriate mass m attached to a point by a force ‘f’ 

proportional to the displacement of the particle as  

f = - kx ---------------------1 where k is the force constant for the vibration and x is displacement  

from the point of equilibrium. 

equation 1 is known as Hooks law. A force of this type is called ’Harmonic’ 

whenever the motion of a particle  can be described by this  simple law the system is refered to 

as a Harmonic oscillator. 

The potential energy V of such particle equals the integral of this force over the distance it acts 

V= - 0∫
x fdx  = 0∫

x kxdx 

    = 1/2k [ x2]0
x 

    =  1/2kx2 ----------------2 

classically the equation of motion is  

m.d2x/ dt2 =  - k x ------------3with the general solution 

x= acos2 v0(t-t0)  ----------4where a and t0 are constant. 

v0 = 1/2 √k/m called the fundamental frequency of the oscillator. The total energy is given 

by 

E= ( ½).m. [dx/dt]2+ 1/2kx2---------------------5 

x= acos2 v0(t-t0)  diff with respect to t 

dx/dt= a.2  v0sin2 /2 v0(t-t0)   

again diff 

[dx/dt]2  = a2 2 v2(sin2 2  v0(t-t0) 

           E= (1/2)m. a2 2  v0
2 sin2 2  v0(t-t0)+ 1/2k(a2cos2  2  v0 (t-t0)  

https://en.wikipedia.org/wiki/List_of_quantum-mechanical_systems_with_analytical_solutions


               = 1/2 a2[m. 2 v0
2 sin2 2  v0(t-t0) +kcos2 2  v0(t-t0)] 

                                  =1/2 a2[0+K(1)] 

            E = 1/2Ka2 --------------------6 

Thus all positive values of E are allowed we examine the properties of such a system according 

to the laws ofquantum mechanics  

.The hamiltonian operator  for one dimensional  harmonic oscillator is  7 and 2 

H^= -h2/8 2m∑i ∇i
2/mi+v-----------------7 

V= ½ kx2  ----------------------2 

H=  -h2/8 2m.∂2/∂X2+½ kx2  ----------------8 

Therfore the wave equation for this system is 

∂2 φ /∂X2+ 8 2m/ h2( E-½ kx2  ) φ =0-------9 

And the problem is to find the well behaved functions which satisfy equation 9 and the allowed 

energy levels 

Equation 9 may be written in the form  

∂2 φ /∂X2(α-β2X2) φ= 0--------------------10 

Where α= 8 2m/ h2 .E 

           Β= 2 /h√βmk--------------------11 

 By making the change of variables 

             ε=   √β. X one may write equation 10 

∂2 φ /∂ ε 2+{α/β- ε 2} φ= 0--------------------12 

To solve equation 12we shall proceed as follows. 

 Consider a function 

Y= exp(x’2) diff once we obtain 

∂y /∂ x ‘  =  -2X’2..e(-x2) 

∂y /∂ x ‘ +2x’y= 0--------------------------13 



 Diff n+1 more times we have  

∂2 z/∂ x’ 2+ 2x’ ∂z/∂ x ‘  +2(n+1)z=0------------14where Z= ∂ny/ /∂ x ‘n= ∂n//∂ x ‘n{ e(-x2)}  

assume  a function U= (-1)nexp[x2/2]---------------14a 

 

 then ∂2 U/∂ x’ 2   = exp[x’ 2/2][ ∂2 Z/∂ x’ 2+2X’ ∂z/∂ x ‘  ] +Z.exp[x’ 2/2]( x’ 2+1)----------------------

--15 

{2 Z/∂ x’ 2+2X’ ∂z/∂ x ‘  }=  exp[-x’ 2/2] ∂2 U/∂ x’ 2   -z(x’ 2+1)-------------------------------16 

Equation 16 is substituted into 14 one contains 

∂2 U/∂ x’ 2   +2(n+1- x’ 2)U=0-----------------17 

On comparing equation 17 with 12 

We see that the two equations  are the same except for the variables. Thus α/β= 2n+1-----}--------

---18Or E=h/2 √k/m.(n+1/2)---------------19 

Since the classical frequency v0 of a vibration is  

1/2 √k/m. we write 

E= (n+1/2)h v0 where n=0,1,2,3------------20 and  is called vibrational quantum number. 

The state with n= 0 is the vibrational ground state which possess energy 1/2h v0  called zero point 

energy. 

The solution φ of   

Equation 12 is of the form of the function U is given by equation 14a we have 

φ = (-1)n exp(ε 2/2). ∂n/∂ εn{exp(-ε2)} 

  = (-1)n exp(ε 2/2). exp(ε 2). ∂n/∂ εn. [ exp(-ε 2)----------21 

 The hermite polynomial of degree n is  defined as 

 Hn(ε)= (-1)n exp(ε 2). ∂n/∂ εn{exp(-ε2)--------------22 

 The first few hermite polynomials are 

{H0(ε)=1 

H1(ε)=2 ε 



H2(ε)=4 ε 2-2--}----------------  23 

Therfore un normalized  wave function of a harmonic oscilator in  its  nth quantum state of 

vibration can be written as  

φ n(ε) =  exp(-ε 2/2) Hn(ε) --------24 

where the first factor exp(-ε 2/2) possess no nodes but it forces  φ  approach to±∞  

on the other hand the function Hn(ε)   introduces n nodes into φ n  since it is a polynomial with n 

real roots. Because n can take any integral value or zeroour solution yields th e required number 

of nodes.The normalized wave function of the harmonic oscillator obey the orthogonal condition 

also. 

Rigid Rotator: 

Rigid rotor means when the distance between particles do not change as they rotate. A rigid rotor 

only approximates a rotating diatomic molecular if vibration is ignored. 

Or 

A diatomic molecule can be treated as a rigid rotator ie a system of two masses separated by a 

fixed distance during the rotational motion.The centre of mass and inter nuclear distance remain 

unchanged. 

Or 

 A system consisting of two masses held at a fixed distance apart and free to rotate in any 

direction is called a rigid rotator .a dumb bell is an example 

The Classical Rigid Rotor in 3D 

The rigid rotor is a mechanical model that is used to explain rotating systems. The linear rigid 

rotor model consists of two point masses located at fixed distances from their center of mass. 

The fixed distance between the two masses and the values of the masses are the only 

characteristics of the rigid model. However, for many actual diatomics  

 

this model is too restrictive since distances are usually not completely fixed and corrections on 

the rigid model can be made to compensate for small variations in the distance. Even in such a 

case the rigid rotor model is a useful model system to master. 

 

For a rigid rotor, the total energy is the sum of kinetic (T) and potential (V) energies 



Etot=T+V 

The potential energy, V, is set to 0 because the distance between  

particles does not change within the rigid rotor approximation. However, In reality, V≠0    

V≠0 because even though the average distance between particles does not change, the particles 

still vibrate. The rigid rotor approximation greatly simplify our discussion 

.Since V=0 then Etot=T and we can also say that: 

 

T= 1/2∑miµi
2 

However, we have to determine vi in terms of rotation since we are  

dealing with rotation motion. 

The rotation of any system can be conveniently discussed in terms of its moment of inertia and 

angular velocity .Since 

ω = µ/𝑟 

where ω is the angular velocity,  the angular velocity is defined as the number of radians of 

angle swept in one second by the rotating particle 

.we can say thatThus we can rewrite Equation as 

vi=ωXri 

 

Thus we can rewrite Equation as 

T=1/2∑mivi(ωXri) 

Since ω is a scalar constant, we can rewrite Equation  as: 

T=ω/2∑mi(viXri) 

   =ω/2∑li=ωL/2 

where li is the angular momentum of the ith particle. and L is the angular momentum of 

the entire system. Also, we know from physics that, 

L=Iω 

here I is the moment of inertia of the rigid body relative to the axis of rotation. 



Moment of inertia: 

It appears in the relationship for the dynamics of rotational motion. I must be specified with 

respect to a chosen axis of rotation. 

We can rewrite Equation 

T=ω.Iω/2= 1/2I ω2 

Equation shows that the energy of the rigid rotor scales with increasing angular frequency (i.e., 

the faster is rotates) and with increasing moment of inertia (i.e, the inertial resistance to rotation). 

Also, as expected, the classical rotational energy is not quantized (i.e., all possible rotational 

frequencies are possible). 

T= L2/ 2I 

The Quantum Rigid Rotor in 3D    

If no forces on act on the rotator we may put v=0 and the  Hamiltonian  may be given by 

H= The energy operator 

       H.^  =        ^L2/ 2I 

It is convenient to discuss rotation within the spherical  coordinate system rather than the 

Cartesian system..to solve this problem it is most convenient to use the expression  L in sperical 

polar coordinates. 

Therefore schordinder equation is  

 H ^φ= Eφ  

may be written in spherical polar coordinates of  L as 

1/sinθ  ∂/∂θ{ sinθ ∂φ / 

  ∂θ}+ 1/ sin2 θ ∂2φ / ∂φ2  +  8 𝜋2I E/ h2  φ  

To solve the Schrödinger equation for the rigid rotor, we will separate the variables  

form single-variable equations that can be solved independently. Only two variables θand φ are  

required in the rigid rotor model because the bond length, rr, is taken to be the constant r0. We 

first write the rigid rotor wave functions as the product of a theta-function depending only 

on θ and a phi-function depending only on φ. 



It is solved by the method  of separation of variables. 

∂2φ/∂θ2+ cosθ/ sinθ. ∂φ/ ∂θ +1/sin2θ. ∂ φ / ∂φ2  +2I/ h2E φ  = 0   ----------------1 

Separation of variables 

ψ(θ, φ) = P(θ)F(φ) 

∂φ/ ∂θ   = F(φ).dp/d θ) 

Differentiate with respect to θ 

∂φ/ ∂θ   = F(φ).dp/d θ-------------2 

Again diff with respect to θ 

∂2 φ/∂θ2  = F2(φ).dp/dθ2 ---------------3 

diff with respect to φ we get 

∂φ/ ∂φ = P(θ).dF/dφ ------------4 

Again diff with respect to θ 

∂2φ/ ∂φ = P(θ).d2F/dφ -------------5 

substituting 2,3,4,5  equation in to 1 

F d2P/dθ2  + cos θ/ sin θ.F(φ)dp/d θ +1/sin2 θ (φ)p d2F/d φ2  + 2I/ h2E  P(θ)F(φ). 

F d2P/dθ2  + cosθ/ sinθ.F dp/d θ +1/sin2θ p d2F/d φ2  + E  PF = 0 

P and F stands for P(θ)  and F(φ) 

MultiPlying throught by  

sin2θ/ PF(sin2θ/ PF).F. d2P/dθ2..(cosθ/ sinθ).F. sin2θ/ PF.dp/d θ + 1/sin2θ. sin2θ/ PF.P. d2F/dφ2 + 

  2I/ h2   sin2 θ/ PF.EPF = 0 

sin2 θ/ P. d2P/dθ2 

+ cosθ. sinθ.1/p. dp/dθ+1/F. d2F/d φ2 +2I/ h2   sin2 θE=0 

0r 



sin2 θ/ P. d2P/dθ2+ cosθ. sinθ.1/p. dp/dθ+2I/ h2   sin2 θE= -1/F d2F/dφ2 

The LHS of the equation depends on θ only both sides can be equated to the same constant m2 

-1/F d2F/dφ2     = m2      

(called F equation)-----------------------6 

And  

sin2θ/ P. d2P/dθ2+ cosθ. sinθ.1/p. dp/d θ+2I/ h2   sin2 θE= m2’ 

Multiplying P/     sin2θ 

 sin2θ/ P×P/ sin2θ  × d2P/dθ2 +{ cosθ. sinθ/ sin2 θ}×p×1/P. dP/dθ +2I/ h2  sin2 θ. (P/ sin2 θ).E=    

m2      (P/  sin2 θ) 

2I/ h2.E  =  β 

d2P/dθ2+ (cosθ/ sinθ)x dP/d θ+ΒP=  m2   P/  sin2θ-----     ------ 7(called p equation ) 

Solving the F equation  

F(φ) = 1/ π  .sinm φ 

F’(φ) = 1/ π  .cosmφ  

F’’(φ) = 1/ 2π  .exp±imϕ 

m is a quantum number which has a value 0,±1,±2…… 

Solving the p equation  

 equation 7 is known as Lagendre differential equation. The equation are solved by using 

polynomial method. for each value of |m| there will be a corresponding Lagendre equation and a 

new set of solutions. 

Case I : 

When |m|=0 the legendre equation is  

d2P/dθ2  + (cosθ/sinθ)x dp/dθ+ ΒP= 0------------- 8 



 The solution exist as polynomials in cosθ called the Lagendre polynomial 

Pl(x)  = 1/2 ℓ!.XdI/dxI[X2-1} ℓ 

When X is cosθ and ℓ is an integer including 0 

When ℓ=0  P0=1 β= 0 

          ℓ=1   P1 =  cosθ                                        β= 2 

          ℓ= 2   P2=11/2 (3cos2θ -1)                       β= 6 

          ℓ=3    P3=5/3(3cos3θ -  cosθ )                β= 12 

it can be seen that β= ℓ(ℓ+1)  ℓ =0,1,2,3 

Case II : When |m|  ≠ 0 the solutions have the form 

         P ℓ (x)   = (1-x2) |m|  /2.d|m|/dx|m|. Pl(x)---------9  are called 

associated legendre polynomial .in equation 9 we put  

(1-x2) |m|  /2  = A   And  d power|m|   divided by dx power |m|  =  B 

FOR |m|  = 0        ℓ=0   A=1   B=1 A.B =1 

                                ℓ=1   A=1    B= X  A.B= X= cosθ   

                           ℓ= 2 A=1  B= ½ (3X2 -1) A.B=1/2(3cos2θ -1) 

FOR |m|  = 1 

ℓ=1   A= (1-X2)1/2   B=1  A.B= sinθ 

ℓ=2 A=  (1-X2)1/2     B= 3X   A.B = 3 sinθ cosθ   

putting cosθ    for x in  equation 7 we got 

 the associated  legendre functions and are characterized by two parameters ℓ and m with the 

condition that m≤  ℓ and m= - ℓ,( - ℓ+1,)….0,…. ,( ℓ-1), + ℓ 

 by solving  energy Comparing equations 7 and 9 we see that  

β= 2I/h2  E=  ℓ( ℓ+1) 

OR E= h2/ 2I ℓ( ℓ+1) 



for a rotating diatomic molecule the rotational quantum number is usually expressed as J .So the 

energy levels are given as  

E=  h2/ 2I J (J +1)   J= 0,1,2,3,,,, 

Therefore the allowed rotational energies are E0= 0 

E1= 2. h2/ 2I, E2= 6. h2/ 2I,  E3= 12. h2/ 2I, Etc the figure shows the first few rotational energy 

levels 

J =5       --------------------------------------30 .h2/ 2I 

J= 4      ---------------------------------------20 . h2/ 2I 

J= 3     ---------------------------------------12 . h2/ 2I 

J= 2      ---------------------------------------6. h2/ 2I 

J= 1      ---------------------------------------2 . h2/ 2I 

J= 0      ---------------------------------------0   

The hydrogen atom solution: 

Hydrogen being one of the simplest of all chemical element provides a model for the study of 

atomic structure of elements in general.moreover it contributes one of the basic examples of  

chemical systems exhibiting rotational motion. 

The spatial rotation of an electron around the nucleus in the hydrogen atom can be described in 

terms of electrons two angular variables θ, and  ϕ and its radial distance r from the nuclear 

centre. This system is equivalent to a particle moving in an infinite number of concentric 

spheres. 

A hydrogen atom can be descried in terms of polar coordinates as shown in the figure. 

Coordinate system for the hydrogen atom in polar coordinate 

                                                       z 

                                                                 

                                                                    θ   r 

 

 



                                   x                         φ                                 y 

as the electron circles around the nucleus, the system (proton and electron ) rotates around the 

centre of gravity. For the rotating system, the reduced mass is given as 

1/µ= 1/me+1/ mp   solving for  µ 

µ=  me. .mp/ me+ mp---------------------------1 

Since me< <mp 

me+ mp approximately equal to mp 

 and hence µ= me . this is in accordance with the Born –oppenheimer approximation that is the 

nucleus is stationary and the electron 

does all  of the moving.  

The Hamiltonian is the sum of potential and kinetic energies. 

The K.E (T) is equal to P2/ 2 µ 

The P.E(v) for the interaction of electron with the proton is  -e2/r. 

The hamiltonaian for the hydrogen atom is  

H= T+ V={ P2/ 2 µ}- e2/r.-----------------------2 

In operator form  -e2/r.is unchanged because e is  a constant and r is a coordinate 

 the kinetic energy in operator form is 

T = (ℏ2/2 µ) ∇2  therefore the Hamiltonian operator is 

H^ = -(ℏ2/2 µ) ∇2- e2/r.-----------------------3 

 The Schrodinger wave equation 

H^ ψ = E ψ is written as 

-(ℏ2/2 µ) ∇2 ψ  - e2/r ψ= E ψ  OR 

∇2 ψ + 2 µ/ ℏ2(e2/r+ E) ψ= 0-----------------------------4S 

When the laplacian operator is written in Cartesian coordinates, we obtain  

(∂2/∂X2+ ∂2/∂Y2+∂2/∂Z2) ψ+  2 µ/ ℏ2(e2/r+ E) ψ= 0 



Transforming Cartesian coordinates ie  

(∂2/∂X2+ ∂2/∂Y2+∂2/∂Z2) into f(r, θ, ϕ) 

Θ is zenith angle , φ  is azimuthal angle 

Space wave function of hydrogen atom is composed of  two parts one is angular part and another 

one is  radial part. 

Angular part ; the part of the wave function ψ is represented by  

Y ℓ,m(θ, ϕ) 

Radial part:  it is represented by R(r) the part ψ gives  the radial probability distribution with 

respect to its  distance from the nucleus. 

The schordinger wave equation becomes 

1/r2  ∂/∂r[r2  ∂ ψ /∂r+ 1/  r2sin2 θ ∂/∂ θ[sinθ. ∂ ψ /∂ θ+ 1/  r2sin2 θ. ∂ 2ψ /∂ ϕ + 2 µ/ ℏ2(e2/r+ E) ψ=0-

---------------------------------5 

We assume that 

ψ(r, θ, ϕ)  = R( r) Θ(θ)  Φ (ϕ) 

 substituting this  in equation 5 

1/r2  ∂/∂r[r2  ∂ R Θ Φ /∂r+ 1/  r2sin2 θ ∂/∂ θ[sinθ. ∂ R Θ Φ /∂ θ+ 1/  r2sin2 θ. ∂ 2 R Θ Φ /∂ ϕ + 2 µ/ 

ℏ2(e2/r+ E) R Θ Φ =0 

R Θ Φ stand for R( r) Θ(θ)  Φ (φ) since Θ Φ are not functions of r. they can be removed as 

costants fromk the differenciation. 

The same action is  possible in  in other terms of the equation  involving the other variables. 

The wave equation then becomes r, θ,  and  have now been separated and the second order partial 

differential equations each in one variable.ϕ 

Θ Φ/ r2∂/∂r(r2∂ R/∂r) +R Φ/ r2sin θ ∂/∂ θ(sinθ ∂ Θ / ∂ θ)+R Θ/ r2sin2 θ ∂ 2 Φ /∂ ϕ 2   +2 µ/ ℏ2(e2/r+ 

E) R Θ Φ =0 

Dividing both sides R Θ Φ and multiplying by r2sin2 θ we got 

sin2 θ/R∂ /∂r(r2∂ R/∂r)+ sinθ/ Θ ∂/∂ θ(sinθ∂ Θ / ∂ θ)+1/ Φ∂ 2 Φ/∂ ϕ 2   + 2 µ r2sin2 θ./ ℏ2(e2/r+ E)=0-

-------------------------------------------6 

in equation 6 only the third term on the LHS shows the functional dependance  on ϕ 



therefore with respect to other variables, the third  term can be treated as constant, equated to –

m2 

1/ Φ .∂ 2 Φ/∂ ϕ 2 = –m2 

.∂ 2 Φ/∂ ϕ 2 +  m2 Φ = 0---------------------7 called the  Φ equation . 

Now equation 6 can be written as  

sin2 θ/R. ∂ /∂r (r2∂ R/∂r)+ sinθ/ Θ ∂/∂ θ (sinθ∂ Θ / ∂ θ)- m2 

+ 2 µ r2sin2 θ./ ℏ2(e2/r+ E)=0 

 If we divide the equation  by sin2 θ and rearrange, we obtain  

1/R. ∂ /∂r (r2∂ R/∂r) + 2 µ r2sin2 θ./ ℏ2(e2/r+ E)+ 1/ sinθ Θ ∂/∂ θ (sinθ∂ Θ / ∂ θ)- m2/ r2sin2 θ= 0  

the first two term bears the  functional dependence on r and the second part containing the two 

terms bears th  dependence on  θ. Therefore the two parts can be  equated to the same constant  β 

1/R. ∂ /∂r (r2∂ R/∂r) + 2 µ r2/ ℏ2(e2/r+ E)= β------------------8 

 

1/ sinθ Θ ∂/∂ θ (sinθ∂ Θ / ∂ θ)- m2/ sin2 θ = - β----------------9 

if we multiply equation 8 by  R and   9 by Θ , we obtain  

∂ /∂r (r2∂ R/∂r) +2 µ r2/ ℏ2 (e2/r+ E)R- R β= 0----------------10 Called r equation. 

1/ sinθ ∂/∂ θ (sinθ∂ Θ / ∂ θ)- m2/ sin2 θ  Θ + β Θ =0-------------11 called the θ equation. 

 The variables r, θ, and ϕ have now been separated and the second order partial  differential  

equation in three variables has been transformed into three second order differential  equations 

each in one variable. 

Solving the θ, equation: 

This equation is of the same form as the equation for the particle in a box problem.the solution 

can be given as 

Φ(ϕ) = 1/√2 π.eim ϕ-----------------12 

Solving the θ equation: 

 This equation can be put in the form  



d/ sinθdθ(sin2 θ/ sinθdθ.d Θ)- m2/ sin2 θ+ β Θ =0-------------------13 to solve the  equation , we use 

the following transformations. 

To solve the equation , we use the following transformations 

υ  = cosθ    d υ  = -sinθdθ 

cos2θ= υ2   = 1-  sin2 θ ⇒ sin2 θ= 1- υ2 substituting   sin2 θ, sinθdθ. In equation 13 we obtain 

-d/d υ(  - 1- υ2/ d υ.d Θ)- m2 Θ/ 1- υ2+ β Θ =0-----------------------14 

This equation is similar to the well known differential equation, the Legendre polynomial which 

is written as  

{(1-z2) d2 Pℓ|m|.(z)/ dz2 } -2z .dpl
|m| |.(z)/dz +{ℓ(ℓ+1)- m2/ 1-z2} Pℓ|m|.(z)=0-----------------------------

--15 

 It can be seen that  

 Β= ℓ(ℓ+1) the series solutions of legendre equation are known as the associated Legendre 

polynomials and are written as   

Pℓ|m|.(cos θ,) where ℓ =o,1,2,,, and m= 0, ±1, ±2… ± ℓ 

Solving the r equation  

 Radial dependant part of the wave function: 

1/r2d/dr. r2dR/dr+ 2 µ/ ℏ2(e2/r+ E)R- ℓ (ℓ+1/. r2}R=0------------------16  

This equation can be compared with the well known differential equation, the ledendre’s 

equation which is written as  

x υ’’+υ’(2 ℓ+2)+ ℓ-1=n)+ υ=0----------------------17 

 the solutions of this equations are known as the laguree polynomials can be solved only when 

n≤ ℓ+1 

the possible values of ℓ are0,1,2,,, so it is apparent that n= 0,1,2,,,  

for example when n=3  ℓ can take on the values 0,1,2 

this gives the restriction on the quantum numbers as 

n= principal quantum number = 1,2,3 ,, 

ℓ= orbital angular momentum quantum number= 0,1,2 ,…..n-1 



m= = magnetic  quantum number=0, ±1, ±2… ± ℓ 

the spin quantum number s = which is equal to  ±1/2 ℏ is a propery of the electron since it has an 

intrinsic spin. 

The normalized radial functions of hydrogen- like atoms also called the radial eigen functions, 

may be expressed 

Rnl, (P)= NP ℓ. Lnl
2 ℓ+1(P).e-p/2   ----------------------------18 

Where N is normalaization factor given as  

N= -√(2z/na0)
3.(n- ℓ 

-1)! . / 2n { n+ ℓ) !]3 

 And Lnl
2 ℓ+1(P) represents the associated leaguere polynom9ial and p=2Zr/na0 using equation 

18, we can write the radial eigen function for hydrogen like atoms when n=1 a and ℓ =0 

R1,0(P)= NP
0.L1+0

0+1(P). e-p/2    

   = N L1
1(P). e-p/2    

the value of laguere polynomial is obtained as  

L1
1(P).=d/dp[ ep. d/dp(p e-p)] 

             =d/dp(1-p)=-1 

The normalization costant is is found as 

N=   -√(2z/na0)
3(1-0-1) !/ 2X1X[(1X0)]3      

     =  - √8Z3/ a0X1/(2X0)!3 

     = -2(z/a0)
3/2 

Therefore  R1,0(P) = (-2) (-1) (z/ a0)
3/2. e-p/2    

L1
1(P).= -1,N 

            =2(z/ a0)
3/2 e-p/2    

Substituting  2zr/ na0   for p we get R1,0(r)  = 2(z/ a0)
3/2 e-zr/ a0   

n=2, ℓ=0   R2,0(P) = (NP
0) L2+0

1+0(P). e-p/2    

                             = N(1) L2
1(P). e-p/2    



the value of lagurre polynomial is as  L2
1(P)= d/dp[ ep. d2/dp2(p2 e-p)] 

   =   d2/dp2(p2 e-p) 

  =  d/dp (2-4p+p2) 

   = 2p-4 = -2(2-p)the normalization constant is found as  

N= -√(2z/na0)
3.(n- ℓ 

-1)! . / 2n { n+ ℓ) !]3 

  =  -√(2z/na0)
3[2-0-1]/2(2)[2+0] !]3                

   =       -√1/4√2  (Z/  a0)
3/2          

Therfore R2,0(P) = 1/2√z (z/ a0)
3/2.(2-p) e-p/2    

Substituting 2zr/ na0   for p we gets 

R2,0(r)= 1/2√2((Z/  a0)
3/2  (2- zr/ a0

    )   e- zr/ a0
     

we can write  n=2 , ℓ=1 

R2,1=1/2√6(z/a0)
3/2(zr/ a0

 )   e- zr/2 a0
   

Total wave functions of  hydrogen like atoms: 

The solutions of equations involving θ and ϕ  are combined by multiplication to give the 

complete wave functions. These angular functions are known as  the spherical harmonics. 

Y ℓ,m(q, f)solutions of the equation involving r are called the radial wave functio. Rnl, (r)  and the 

over all solutions are . Rnl,(r)  . Yℓ,m(θ,ϕ).the complete wave functions of hydrogen like atoms can 

be written as 

  Yn,ℓ,m(  r,θ, ϕ). =  Rn,l,(r)  Yℓ,m(θ,ϕ). 

For example for n=1 , ℓ=0, m=0 the wave functions is  

Ψ100= [2(z/ a0)
3/2. )   e-zr/a0]

  {1/√2}(1/√2π,) 

       = 1/√π(z/a0)
3/2. )   e-zr       or in atomic units a0=1 Ψ100 = 1/√π.z3/2. e-zr 

 for hydrogen atom z=1 

Ψ100= Ψ1s  =1/√π(1) 3/2. e-r   = 1/√π. e-r    

The orbitals with  ℓ=0,1,2,3  etc are respectively called s,p,d,f orbitals with n=1  ℓ=0 is called 1s 

orbital 



 With n=3 ℓ=1 is called 3p orbitals etc. it will be noted that there are three p orbitals with m 

=0.±1 .they may be designated as p0, p+, p_  

The angular factor associated with these orbitals are apart from the numerical factors. 

p0, ≈cosθ,      p+ ≈ sinθ. eiθ  , p_ ≈  sinθ. e-iθ   there function being complex have the disadvantage 

that we cannot draw picture of them in real space. 

However we  can obtain which are equally good solutions of equation 5 by taking the following 

linear  combinations. 

Spherical harmonics having the same ℓ 

 values. Thus 1//√2(Y0+1, +  Y1,-1) =  √3/(√2π.sinθ cos ϕ 

-1//√2(Y1+1, +  Y1,-1) =  √3/(√2π.sinθ sin ϕ   since sinθ cos ϕ  and  

 sinθ sin ϕ   are respectively the angular dependence of x and y components of r. the above two 

combinations are respectively labeled as px, py, . The following table gives the complete wave 

functions for the hydrogen like species  Zf , Z= 1the hydrogen wave functions are indicated( z= 

nuclear charge and a= first Bohr radius= 0.529A 

 

Energy Eigen values: 

The energy term appears in the radial equation 16 which is  

1/r2  d/dr.  (r2dR/dr)+ 2µ/ ℏ2( Ze2/r+ E)R- ℓ (ℓ+1/. r2}R=0------------------16 multiplying by   -

ℏ2/2µ 

=  -ℏ2/2µ[1/r2  d/dr.  (r2d/dr)- ℓ (ℓ+1)/. r2]-Z e2/r} R=ER  ----------------19 

Where in E appears as energy eigen value and R=  Rn,l,(r) is the radial eigen function. In atomic 

units  where ℏ2= h2/4 π2. 

 µ= me = 1 and e=1 

 the equation reduces to -ℏ2/4 π2./ 2(1) 

 [1/r2  d/dr.  (r2d/dr)-  ℓ (ℓ+1/. r2]-1x1 /r} R=ER   

-1/2[1/r2  d/dr.  (r2d/dr)-  ℓ (ℓ+1/. r2-z/r}R=  ER  --------------------20 

 the radial function for n =1 and ℓ=0 

R= R1,0(r)= 2 z/a0)
3/2.   e-Zr/a0   



 in atomic units R1,0(r) = 2e-r  for any radial function Rn,l(r), the energy eigen value can be 

obtained by solving the equation 20 

For hydrogen atom in ground state 

-1/2r2  d/dr.  (r2d/dr) 2e-r)- 2e-r/r = E(2e-r) 

=  ½ x 2 e-r = E((2e-r)  Therfore E= -1/2 a.u The same results can be obtained from the bohrs 

model where the E  is expressed as  

E= -2 π2mez2e4/n2h2(4 π€0)2 

 
In atomic units E= -Z2/2n2  incase of hydrogen atom z=1 in the ground state ( n= 1, ℓ=0) E= -1/2 

a.u 

ORBITAL: 

In atomic theory and quantum mechanics, an atomic orbital is a mathematical function that 

describes the wave-like behavior of either one electron or a pair of electrons in an atom. This 

function can be used to calculate the probability of finding any electron of an atom in any 
specific region around the atom's nucleus. The term atomic orbital may also refer to the physical 

region or space where the electron can be calculated to be present, as predicted by the particular 

mathematical form of the orbital.  

Each orbital in an atom is characterized by a unique set of values of the three quantum 

numbers n, ℓ, and m which respectively correspond to the electron's energy, angular momentum, 

and an angular momentum vector component (the magnetic quantum number). Each such orbital 

can be occupied by a maximum of two electrons, each with its own spin quantum numbers. The 

simple names s orbital, p orbital, d orbital, and f orbital refer to orbitals with angular 

momentum quantum number ℓ = 0, 1, 2, and 3 respectively. These names, together with the value 

of n, are used to describe the electron configurations of atoms. They are derived from the 

description by early spectroscopists of certain series of alkali metal spectroscopic 

lines as sharp, principal, diffuse, and fundamental. Orbitals for ℓ > 3 continue alphabetically, 

omitting j (g, h, i, k, ...) because some languages do not distinguish between the letters "i" and 

"j". 

Atomic orbitals are the basic building blocks of the atomic orbital model (alternatively known 

as the electron cloud or wave mechanics model), a modern framework for visualizing the 

submicroscopic behavior of electrons in matter. In this model the electron cloud of a multi-

electron atom may be seen as being built up (in approximation) in an electron configuration that 

is a product of simpler hydrogen-likeatomic orbitals. The repeating periodicity of the blocks of 2, 

6, 10, and 14 elements within sections of the periodic table arises naturally from the total number 

of electrons that occupy a complete set of s, p, d, and f atomic orbitals, respectively, although for 

higher values of the quantum number n, particularly when the atom in question bears a positive 

charge, the energies of certain sub-shells become very similar and so the order in which they are 

said to be populated by electrons (e.g. Cr = [Ar]4s13d5 and Cr2+ = [Ar]3d4) can only be 

rationalized somewhat arbitrarily. 
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Types of orbitals 

 

Atomic orbitals can be the hydrogen-like "orbitals" which are exact solutions to the Schrödinger 

equation for a hydrogen-like "atom" (i.e., an atom with one electron). Alternatively, atomic 

orbitals refer to functions that depend on the coordinates of one electron (i.e., orbitals) but are 

used as starting points for approximating wave functions that depend on the simultaneous 

coordinates of all the electrons in an atom or molecule. The coordinate systems chosen for 

atomic orbitals are usually spherical coordinates(r, θ, φ) in atoms and cartesians (x, y, z) in 

polyatomic molecules. The advantage of spherical coordinates (for atoms) is that an orbital wave 

function is a product of three factors each dependent on a single coordinate: ψ(r, θ, φ) 

= R(r) Θ(θ) Φ(φ). The angular factors of atomic orbitals Θ(θ) Φ(φ) generate s, p, d, etc. functions 

as real combinations of spherical harmonics Yℓm(θ, φ) (where ℓ and m are quantum numbers). 

There are typically three mathematical forms for the radial functions R(r) which can be chosen as 

a starting point for the calculation of the properties of atoms and molecules with many electrons: 

1. The hydrogen-like atomic orbitals are derived from the exact solution of the Schrödinger 

Equation for one electron and a nucleus, for a hydrogen-like atom. The part of the function that 

depends on the distance r from the nucleus has nodes (radial nodes) and decays as  The Slater-

type orbital (STO) is a form without radial nodes but decays from the nucleus as does the 

hydrogen-like orbital. 

2. The form of the Gaussian type orbital (Gaussians) has no radial nodes and decays as . 

Although hydrogen-like orbitals are still used as pedagogical tools, the advent of computers has 

made STOs preferable for atoms and diatomic molecules since combinations of STOs can 

replace the nodes in hydrogen-like atomic orbital. Gaussians are typically used in molecules with 

three or more atoms. Although not as accurate by themselves as STOs, combinations of many 

Gaussians can attain the accuracy of hydrogen-like orbitals. 

Orbital notation 

Orbitals have been given names, which are usually given in the form: 

where X is the energy level corresponding to the principal quantum number n; type is a 

lower-case letter denoting the shape or subshell of the orbital, corresponding to 

the angular quantum number ℓ; and y is the number of electrons in that orbital. 

For example, the orbital 1s2 (pronounced as the individual numbers and letters: "'one' 'ess' 'two'") 

has two electrons and is the lowest energy level (n = 1) and has an angular quantum number 

of ℓ = 0, denoted as s. 

Shapes of orbitals: 

 Incase of an electron  the particle must be  somewhere so we write the probability integral 

as ∫ ψ 2 d τ= 1 

Or we can write including the normalaization constant as 

https://en.m.wikipedia.org/wiki/Schr%C3%B6dinger_equation
https://en.m.wikipedia.org/wiki/Schr%C3%B6dinger_equation
https://en.m.wikipedia.org/wiki/Hydrogen-like_atom
https://en.m.wikipedia.org/wiki/Coordinate_system
https://en.m.wikipedia.org/wiki/Spherical_coordinates
https://en.m.wikipedia.org/wiki/Cartesian_coordinate_system
https://en.m.wikipedia.org/wiki/Spherical_harmonics#Real_form
https://en.m.wikipedia.org/wiki/Spherical_harmonics
https://en.m.wikipedia.org/wiki/Hydrogen-like_atom
https://en.m.wikipedia.org/wiki/Node_(physics)
https://en.m.wikipedia.org/wiki/Slater-type_orbital
https://en.m.wikipedia.org/wiki/Slater-type_orbital
https://en.m.wikipedia.org/wiki/Gaussian_orbital
https://en.m.wikipedia.org/wiki/Principal_quantum_number
https://en.m.wikipedia.org/wiki/Electron_shell#Subshells
https://en.m.wikipedia.org/wiki/Angular_quantum_number


∫ Nψ. Nψ d τ= 1 

Regardless of whether ψ is positive or negative the value of ψ 2  is positive so the probability 

ranges from 0 to 1. 

 The square of the wave functions also describe the density of the electron cloud. In the 

following figure the area where the dots represents the highest density the regions where the 

electron is found most of the time in the ground state of a hydrogen atom. We can draw a surface 

to compass the  positions where the electron resides a specified percentage of the time. In the 

case os electron in a 1s orbital the surface is a sphre. Therfore we say that the 1s orbital 

sspherical symmetry and the probability of finding the electron is depends on r. The quantum 

states   in which the electron resides is referred to as an orbital. For 1S orbital it can be shown 

that the mopst probable distance ( the distance of highest probability) is a0.. the bohr radius. 

Using the 2s wave function, ψ2s = 1/ 4√2  a0{2-r/ a0}.e-r/2a
0.the probability of finding the 

electron has anode where the probability goes to zero at r= 2 a0. .The 3s wave function is   

Ψ3s= 1/81√3  a0
3/2{ 27-18r/ a0+ 2.r2/ a0

2} e-r/3ao 

Iti s clear that ψ or ψ 2  will be zero when 

27-18x+2x2-0 where x =r/ a0 solving this quadratic equation, we get 

X= 18±√182- 4(2)(27)        

                     4  

  =  7.10and 1.90 therfore the probability of finding the electron as a function of distance in the 

3s state goes to 0 at r= 1.90 a0 and 7.10 a0. so the 3s wave function has 2 nodes.. 

 In general we can see that the probability has n-1 nodes, where n is the  principal quantum 

number.each p orbital has two lobes separated by a nodal plane.there are 5 orbitals (for l= 2) of 

the d type.  If we rotate th  dxy and dxz  by 450, we generate three new orbitals dx
2

-y
2, dy

2
-z

2, dz
2

-x
2 

having lobes lying along the axes. 

Therfore only two of the three orbitals are independent.in the usual case  ,we choose orbitals dx
2

-

y
2 to be one of the  independent  and show the other two combined as the dz

2. 

 

 

 



space quantization  

Introduction 

Definition 

quantization in respect to direction in space. the space quantization of an atom in a magnetic 

field whose quantum states correspond to a limited number of possible angles between the 

directions of the angular momentum and the magnetic intensity. 

There is a magnetic quantum number also associated with the angular momentum of the quantum 

state. For a given orbital momentum quantum number l, there are 2l + 1 integralmagnetic 

quantum numbers ml ranging from −l to l, which restrict the fraction of the total angular 

momentum along the quantization axis so that they are limited to the values mlℏ. This 

phenomenon is known as space quantization and was first demonstrated by two German 

physicists, Otto Stern and Walther Gerlach. 

Elementary particles such as the electron and the proton also have a constant, intrinsic angular 

momentum in addition to the orbital angular momentum. The electron behaves like a spinning 

top, with its own intrinsic angular momentum of magnitude s = Square root of√(1/2)(
1/2 + 1) (ℏ), 

with permissible values along the quantization axis of msh = ±(1/2)ℏ. There is no classical-

physics analogue for this so-called spin-angularmomentum: the intrinsic angular momentum of 

an electron does not require a finite (nonzero) radius, whereas classical physics demands that a 

particle with a nonzero angular momentum must have a nonzero radius. Electron-collision 

studies with high-energy accelerators show that the electron acts like a point particle down to a 

size of 10−15 centimetre, one hundredth of the radius of a proton. 

A general quantization rule for bound states of the Schrodinger equation is. presented. Like 

fundamental theory of integral, our idea is mainly based on dividing the potential. into many 

pieces, solving the Schrödinger equation, and deriving the generalquantization rule. 

The basic cause of quantization is that only integral no. of electrons can be transferred form one 

body to another on rubbing. the basic cause of quantization of charge is that only integral 

number of electrons can be transferred from one body to another on rubbing 

EXPLANATION: 

When an electric current flows in a wire bent into the form of a ring. There is generated a  

magnetic dipole is given by according to the law of Biot and savart 

|µ|= current x area of the ring-----------------1 

 If current is expressed in electrostatic units and the magnetic dipole in electromagnetic units 
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|µ|=  I a2/C 

Where I is the current strength ‘a ‘radius of the ring and  c is the velocity of light in cm/sec. an 

electron of charge moving with a linear velocity v in a circular orbit of radius  a is equivalent  to 

a circular current I given by 

I    =( e v/2a ).  a2/ C      

     = e va/2c 

   =  e vmea/2mec 

    =e/2mec |L| angular momentum vector 

µ= (e/2mec).L 

the axis of magnetic dipole is antiparallel to the angular momentum vector because  of the 

negative charge on the electron . 

the magnitude of the total angular momentum is given by   √ ℓ(ℓ=+1).h/2   

 µ= √ ℓ(ℓ=+1). β where  

β= eh/4  mec is the atomic unit of magnetic moment known as bohr magneton. 

Since operator for the component of of angular momentum along any chosen direction say Lz 

Has the eigen values of mh/2 where m can take  

2 ℓ+1 different integeral values in the range -ℓ≤m≤+ ℓ we may write  

Cosθ = m/√ ℓ(ℓ=+1).where θ is the angle between the axis of rotation and the chosen 

direction along z.This equation clearly demonstrates that| m| cannot exceed | ℓ| otherwise Cosθ 

becomes greater than ± 1.this equation also demonstrates that when m=± ℓ Cosθ ≠ ±1.and 

therefore the axis of the rotation never coincides with the z axis. 

 



Figure 2. The approximate picture of an electron in a circular orbit illustrates how the current 

loop produces its own magnetic field, called Borb. It also shows how Borb is along the same line 

as the orbital angular momentum Lorb. 

 

 

 

 

 Figure 3. Only certain angles are allowed between the orbital angular 

momentum and an external magnetic field. This is implied by the fact that the Zeeman effect 

splits spectral lines into several discrete lines. Each line is associated with an angle between the 

external magnetic field and magnetic fields due to electrons and their orbits. 

Space quantization of electronic orbits and the various projections of angular momentum on the z 

axis. 

Classically one should expect that the magnetic moment vectors should make all possible 

angles with any choosen direction. Quantum mechanically ,the magnetic moment vectors 

and hence the electronic orbits can make only certain discrete orientations in space. this is 

known as space quantzation of electronic orbits 

These magnetic moment  vectors which have certain discrete orientations in space refer to the 

same energy in the absence of a magnetic field. 

If we place a magnetic dipoleµ in a magnetic field H 

the energy of the dipole changes by the amount 

        ∇E = - μ.H = | μ|| H| Cosθ where θ is the angle betveen the dipolar axis and direction of 

magnetic field .u 

using  this equation | μ| Cosθ= mβ 0    



the interaction energy ∇E= - mβ eH  Thus magnetic moment vectors  whish have the  different 

orientations with respect to the external magnetic field have different energies determined by the  

quantum number m  . 

It shold be boene in mind that the treatment made here is not a ridorous  quantum mechanical 

one . more rigrous treatment of  angular momentum is there. 

 

 

Approximation methods: 

Introduction: 

  The schordinger wave equation cannot be solved exactly because in these problems thye 

presence of  more than one electron introduces the electron repulsion termsie (e2/ rij )Where  rij is 

the   distance between the  electron i and electron j  in the Hamiltonian. 

The separation of variables as was possible in the treatment of the hydrogen atom  cannot be 

possible now owing to the dependence of / rij   on θ,and ϕ Co ordinates. 

 Therefore the for systems having more than one electron it is not feasible to obtain an exact 

solution of he wave equation which has to be solved approximately. 

The schordinger wave equation cannot also be solved exactly for one electron system whose 

potential field is not spherically symmetrical. There are two commonly used methods for 

cbtaining approximate solutions to the wave equation. They are i) The perturbation method  

 ii) The variation method 

The perturbation method : 

 The pertabation method is generally suitable for a a system which differs in a vvery small way 

from one for which the exact solution is known.  Infact this method is succesfuly applied to 

obtain wave functions and energies of hydrogen atom in presence of  a weak electric field. 

In quantum mechanics, perturbation theory is a set of approximation schemes directly related 

to mathematical perturbation for describing a complicated quantum system in terms of a simpler 

one. The idea is to start with a simple system for which a mathematical solution is known, and 

add an additional "perturbing" Hamiltonian representing a weak disturbance to the system. If the 

disturbance is not too large, the various physical quantities associated with the perturbed system 
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(e.g. its energy levels and eigenstates) can be expressed as "corrections" to those of the simple 

system. These corrections, being small compared to the size of the quantities themselves, can be 

calculated using approximate methods such as asymptotic series. The complicated system can 

therefore be studied based on knowledge of the simpler one. In effect, it is describing a 

complicated unsolved system using a simple, solved system. 

 Perturbation theory is an important tool for describing real quantum systems, as it turns out to 

be very difficult to find exact solutions to the Schrödinger equation for Hamiltonians of even 

moderate complexity. The Hamiltonians to which we know exact solutions, such as the hydrogen 

atom, the quantum harmonic oscillator and the particle in a box, are too idealized to adequately 

describe most systems. Using perturbation theory, we can use the known solutions of these 

simple Hamiltonians to generate solutions for a range of more complicated . 

perturbation theory 

 Time-independent PT (nondegenerate) 

Two quantum problems can be solved exactly, they are harmonic oscillator and hydrogen (or 

hydrogen-like) atom. Most other quantum problems can not be solved exactly. One has to 

develop approximate method to solve such problem. Consider a Hamiltonian Hˆ, its Schro¨dinger 

eq. 

 HˆΨp = EpΨp, p = quantum no. 

is difficult to solve. If Hˆ can be written as 

Hˆ = Hˆ0 + Vˆ 

where Vˆ is time-independent and ”small”, and the Schro¨dinger eq. of Hˆ0 has been solved 

 Hˆ0Φk = ekΦk → Hˆ0 |Φki = ek |Φki 

where k is the quantum number labelling the nondegenerate states. We wish to use the 

information of Hˆ0 to find the eigenstates and eigenvalues of Hˆ. Hˆ0 is usually referred to as 

unperturbed Hamiltonian, Vˆ as perturbation potential (operator). 

In principle (the completeness principle), any state Ψp can be written as a linear combination 

of Φk as 

|Ψpi = XCpk |Φki 

where {Cpk} are constants to be determined by eq. of Hˆ, together with eigenvalue Ep. Since the 

dimensionality (total number of the possible k) is in general infinite, the exact solution is not 

easy. However, since the perturbation Vˆ is assumed small, it is not difficult to get approximate 

solution for |Ψpi and Ep. 
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Perturbation expansion 

Obviously, if Vˆ is zero, p = k, |Ψki = |Φki, Ek = ek. Hence, for non-zero Vˆ, this solution {p = 

k,|Ψki = |Φki,Ek = ek} is referred to as zero-order perturbation results. We need to go beyond this, 

and find nontrivial correction to this zero-order results. In order to do it in a systematic way, we 

introduce a parameter λ in the 

Hamiltonian 

 Hˆ (λ) = Hˆ0 + λVˆ, 0 ≤ λ ≤ 1 

so that as λ → 0, solutions for Hˆ (λ) is reduced to that of Hˆ0 and what we want is the results in 

the limit λ = 1. In perturbation theory, we assume 

p = k 

i.e., the quantum number for the states of Hˆ is same as that of Hˆ0. Therefore, we can expand 

each of the eigenvalues and eigenstates of Hˆ (λ) in terms of powers of λ as 

Ek 

Ψk 

= 

= 

Ek(0) + λEk(1) + λ2Ek(2) + λ3Ek(3) 

+ · · · 

Ψ(0)k + λΨ(1)k + λ2Ψ(2)k + λ3Ψ(3)k 

+ · · · 

where Ek
(0) = ek is the zero-order approximation to the k-th eigenvalue of Hˆ, and 

 are the successive correction to this. Similarly, Ψ(0)
k = Φk is the 

zero-order appro. to k-th eigenstate of Hˆ and Ψ(1)
k ,Ψ

(2)
k ,Ψ

(3)
k ,· · · are the successive correction 

to this. 

In order to find  and , we substitute the expansions into 

the original Schro¨dinger eq. 

HˆΨk = EkΨk 

or 

 



or, each side is arranged according to the powers of λ 

 

Equating the coefficients of λ on both sides of the eq. (consider λ as an arbitrary number, this 

must be true), we have 

 Hˆ0Ψ(0)k= Ek(0)Ψ(0)k → Ψ(0)k = Φk, Ek(0) = ek 

as zero-order result, and 

 VˆΨ(0)k + Hˆ0Ψ(1)k= Ek(1)Ψ(0)k + Ek(0)Ψ(1)k 

as first-order eq. for Ek
(1) and Ψ(1)

k and 

 VˆΨ(1)k + Hˆ0Ψ(2)k= Ek(2)Ψ(0)k + Ek(1)Ψ(1)k + Ek(0)Ψ(2)k 

as second-order eq. for Ek
(2) and Ψ(2)

k etc. 

 Solution for perturbation eq.: 1st-order 

Now consider the solution to the above sequence of the perturbation eqs. The 1storder eq. is 

 VˆΨ(0)k + Hˆ0Ψ(1)k= Ek(1)Ψ(0)k + Ek(0)Ψ(1)k 

or, using the zero-order results 

 

By the completeness principle, we can always express Ψ(1)
k in terms of a linear combination of 

Φk as 

 Ψ(1)k= XCkk(1)0Φk0 

k0 

where Ckk
(1)

0 are coefficients to be determined and the equation becomes, using Hˆ0Φk
0 = 

ek0Φk0 

 



this is the eq. for Ek
(1) and Ckk

0. The standard technique to solve this kind eq. is to take inner 

product with state Φk
00 on both sides of the eq., i.e., multiplying Φ∗

k00 and integrate 

 

using the orthonormal relation 

Z d3rΦ∗kΦk0 = δkk0 

we have   

Vk00k − Ek(1)δkk00 
= 

 

Vk00k 

Choosing k00 = k we have 

≡ 
 

Ek(1) = Vkk = Z d3rΦ∗kVˆΦk 

Choosing k00 =6 k we have 

. 

− 

Note that Ckk is still undetermined and can be chosen as zero. 

The 1st-order results are, letting λ = 1, 

Ek ≈ ek + Ek(1) = Vkk = Z d3rΦ∗kVˆΦk 

for the energy and 

Vk0k 

Ψk ≈ Φk + Φk0 k0=6k 

ek − ek0 

for the state. Note: if we choose Ckk =6 0, the coefficient of Φk in the above formula will not be 

unity and Ψk is then not properly normalized in the limit Vk
0

k → 0. 

Note that the determine of the 1st-order energy Ek
(1)only depends on the zeroorder state 

function Ψ(0)
k = Φk, and the 1st-order statefunction Ψ(1)

k is not necessary. However, in order to 

determine the 2nd -order energy correction Ek
(2), the 1st-order statefunction correction Ψ(1)

k is 

X 



required. This is generally true: nth-order energy correction requires the (n − 1)th-order 

statefunction correction. 

Solution for perturbation eq.: 2nd    -order 

The 2nd-order equation is 

 VˆΨ(1)k + Hˆ0Ψ(2)k= Ek(2)Ψ(0)k + Ek(1)Ψ(1)k + Ek(0)Ψ(2)k 

or 

 

where  and Ψ(1)
k are known. We only need to determine Ek

(2) and Ψ(2)
k . Again, Ψ(2)

k 

can be written as a linear combination of Φk 

 Ψ(2)k= XCkk(2)0Φk0 

k0 

substituting this into the eq., using the zero- and 1st-order results, we have 

 
as before, taking inner product with state Φk

00 on both sides of the eq. and using the 

orthonormality of Φk we have 

 . 

Choosing k00 = k, we obtain  

 



where we have assume Vˆ is a Hermitian operator. The coefficient Ckk
(2)

00 can be determined by 

choosing k00 =6 k, as before. Again, to determine Ek
(2) we only need to know  and  is not 

necessary. 

The 2nd-order result for the energy is then given by 

is then given by 

 

with 

 . 

Degenerate PT 

In the above perturbation theory, the unperturbed states Φk are nondegenerate, ek0 =6 ek for all k0 

=6 k. Now we extend the theory to the degenerate case. Our Hamiltonian is still given by 

Hˆ = Hˆ0 + Vˆ 

where the perturbed term Vˆ is assumed small and the unperturbed Hamiltonian Hˆ0 has been 

solved 

Hˆ0Φ nd = enΦnd  

with quantum number d = 1,2,· · ·,M, labelling the degeneracy. In the case of Hydrogen, we 

know for each n, we have degenerate qn d = (l,m), d = l,m and 

M2. For convenience we only need one letter for the notation. We PexpectPthat the introduction 

of perturbed term will lift the degeneracy in l, so the eigen equation for 

Hˆ is 

HˆΨnd = EndΨnd . 

But if we still carry out the similar analysis as before, we expect to encounter a factor such as Hˆ 

→ Hˆ (λ) = Hˆ0 + λVˆ, and the expansion series 

 End =End(0) + λEnd(1) + · · · 



 (0) (1) 

 Ψnd = Ψnd + λΨnd + · · · 

substituting these into the original Schro¨dinger eq. and equating the coefficients of λ on both 

sides of the eq. (consider λ as an arbitrary number, this must be true), we have 

 Hˆ0Ψ(0)nd = End(0)Ψ(0)n,d→ Ψ(0)nd = Φnd, End(0) = en 

as zero-order result, and 

VˆΨ(0)nd + Hˆ0Ψ(1)nd = End(1)Ψ(0)nd + End(0)Ψ(1)nd 

as first-order eq. etc. All those formulae remain the same, only replacing single qn by double 

ones k → (n,d). However, there are divergence problem when we go beyond zeroth-order. 

Consider the 1st-order correction to the wavefunction 

  other contributions from states with n0 =6 n 

with the diverging coefficient 

 . 
Solution: Recall the basic assumption in PT 

 

quantum number after perturbation = quantum number before perturbation. 

We need to modify this by introducing a new quantum number k as 

 before perturbation : (n,d) 

 after perturbation : (n,k) . 

This is equivalent to introduce a new basic set {Ωnk,k = 1,2,· · ·,M}as 

M 

 Ωnk = X bkdΦnd, k = 1,2,· · ·,M 

d=1 

 

with coefficients bkd to be determined by the condition to avoid the divergence mentioned above. 



Now our new PT expansion series are 

Enk = Enk(0) + λEnk(1) + · · · 

Ψnk = Ψ(0)nk + λΨ(1)nk + · · 

· 

and the zeroth-order equation does not change much 

M 

 Hˆ0Ψ(0)nk = Enk(0)Ψ(0)nk → Enk(0) = en,Ψ(0)nk = Ωnk = X bkdΦnd 

d=1 

and the 1st-order eq. 

 

where we expand Ψ(1)
nk in terms of Ωnk 

 . 

As before, we substitute this into the 1st-order eq. and take inner product with state Ωnk
00 on both 

sides, we have 

 

or 

. 

Take k00 = k, we have 

Enk(1) = Vnk,nk 

and take k00 =6 k, we have 

 Vnk00,nk = Z d3r Ω∗nk00VˆΩnk = 0,for all k00 =6k . 



This last equation means operator Vˆ is diagonal in the new basis. Therefore, the coefficients

 is chosen so that Vˆ is diagonal. 

Example: Spin-orbit coupling (or LS-coupling). An electron moving in a central potential Vˆ 

= V (r) has Hamiltonian as 

 . 

In general the eigenvalues Enl of Hˆ0 are 2(2l + 1)-fold degenerate (for hydrogen, Enl = En, and 

degeneracy is 2n2-fold). One of relativistic effects (Dirac) is the addition of a potential, the so-

called spin-orbit coupling (or LS-coupling) VˆLS = A(r)Lˆ · Sˆ . 

We can treat this VˆLS as perturbation potential and write 

 Sˆ 

As we know, the eigenstates of Hˆ0 can be represented by the product of orbital wavefunctions 

and spin wavefunctions, or |nlmi|smsi = |nlmlsmsi. Within the first-order degenerate PT, we need 

to use these |nlmlsmsi to diagonalize the perturbation operator VˆLS and to obtain the zero-order 

wavefunction and first-order energy correction. We have already done so in the previous chapter. 

The zeroth-order 

wavefunction are angular momentum states |nlsjmi which are eigenstates of Jˆ2 and Jˆz with 

angular momentum quantum number, using s = 1/2 

. 

Hence, the energy level shift by LS-coupling is 

 

Variation method: 

 For problems where it is not practically to obtain a wave function by the exact solution of of a 

wave equation that describes the system, a technique known as the variation method is applied. 

If the exact form of the wave function is unknown , we begin by assuming some form of the 

wave function. This is known as guessing a trial wave function. 

 The variation theorem states that the correct energy is obtained freom the previous equation ( the 

guesed equation) only when the correct wave function is used.any incorrect wave function will 

give an energy  that is higher than the actual energy.If we choose a trial wave function ψi  the 



energy calculated using it Ei. is greater than the correct energy E0,that is for any incorrect 

function Ei.> E0.. 

In variation method, we guess a trial wave function that has some adjustable parameter. So that 

we can vary its value to improve the wave function. This improved wave function can then be 

used to calculate an improved value for the energy etc. 

Hydrogen atom: 

Let us assume a form of the trial wave function  

Ψ = e-br  where b is a constant whose values can be changed as we gain information about it. For 

the hydrogen atom, the Hamiltonian operator is  

H^ =    - h2/8 π 2m Δ2   - e2/r 

The energy depends only on r for the 1s state of vthe hydrogen  angular  atom so the angular 

portion of the  laplacian can be omitted. Therfore, we can write using the trial wave function as  

Δ2 Ψ  =  1/r2.. ∂/∂r). r2 ∂/∂r e-br   taking the derivatives and simplifying gives  Δ2 Ψ= {b2- 2b/r}. e-

br   therefore the Hamiltonian can be written as  

H^ =    - h2/8π2m {b2- 2b/r}. e-br  }- e2/r 

The expectation value for the energy is  given by 

 E = ∫ Ψ* H^ Ψ dτ 

       ∫ Ψ* Ψdτ 

 Substituting the Hamiltonian w obtain 

E=     0∫∞  e-br  [ - h2/8π 2m (b2- 2b/r)- e2/r] e-br  4π r2dr      -------------1 

             0∫∞   e-br  . e-br  . 4π r2dr 

   dτ   =    4π r2dr  

          = 4π only cancelled in equation 1 and separate the terms we get 

    =    0∫∞  - h2b2/8π2m. r2 e-2br dr + 0∫∞ 2bh2/8π2m. r e-br dr -0∫∞ e2r e-2br dr 

                                       0∫∞  e-2br  r2 dr 

Each of these integrals is of the easily recognized form 

  0∫∞  xn . e-bx.dx  =       n   



                                    bn+1   

therefore evaluating the integrals gives 

E=       - h2b2/8π2m.2/8b3+ bh2/8π2m.1/2b2- e2.1/4b2          

2/8b3                                           

Finally  afters simplification of this expression we obtain 

E= h2b2/8π2-be2 

 This equation gives thye energy interms of fundamental constants and the adjustable parameter 

b . to find the value of b that will give the minimum energy .we take the derivative of E and set it 

equal to zero . w thus obtain  

dE/db=  2h2b/ 8π2m- e2   = 0  solving this equation for b gives  

b=  4π2m e2/ h2  when we substitute the value for b into the energy equation we obtain  

  E  = 2  π2m e4/ h2    this expression is  exactly the same as that found using the bohr model we 

are so lucky as to obtain the  correcrt energy into a  single improvement of the wave function 

because we gussed the correct form of the wave function to as the trial one.. 

    Effective nuclear charge 

Effective nuclear charge refers to the charge felt by the outermost (valence) electrons of a 

multi-electron atom after the number of shielding electrons that surround the nucleus is taken 

into account. The trend on the periodic table is to increase across a period and increase down 

a group. 

The effective nuclear charge (often symbolized as  or ) is the net positive 

chargeexperienced by an electron in a polyelectronic atom. The term "effective" is used because 

the shielding effect of negatively charged electrons prevents higher orbital electrons from 

experiencing the full nuclear charge of the nucleus due to the repelling effect of inner-layer 

electrons. The effective nuclear charge experienced by the electron is also called the core charge. 

It is possible to determine the strength of the nuclear charge by the oxidation number of the 

atom. Most of the physical and chemical properties of the elements can be explained on the basis 

of electronic configuration. Consider the behavior of ionization energies in the periodic table. It 

is known that the magnitude of ionization potential depends upon the following factors: 

(a) Size of atom 

(b)The nuclear charge 

(c)The screening effect of the inner shells 

(d)The extent to which the outermost electron penetrates into the charge cloud set up by the inner 

lying electron. 
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https://en.wikipedia.org/wiki/Negatively_charged
https://en.wikipedia.org/wiki/Atomic_orbital
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https://en.wikipedia.org/wiki/Electron_shell
https://en.wikipedia.org/wiki/Electron_shell
https://en.wikipedia.org/wiki/Electron_shell
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Effective Nuclear Charge Formula 

The formula for calculating the effective nuclear charge for a single electron is:  

Zeff *=* Z − S 

• Zeff is the effective nuclear charge, or Z effective 

• Z is the number of protons in the nucleus, the atomic number 

• S is the average amount of electron density between the nucleus and the electron 

Calculating Effective Nuclear Charge 

Calculating effective nuclear charge involves understanding the Z and S values. Z is atomic 

number, and S requires the use of Slater’s Rules to determine an electron cloud shielding value 

between the nucleus and the electron under consideration. 

Step 1: Find Atomic Number to Determine Z Value 

Example problem: What is the effective nuclear charge for the valence electron in sodium? 

Z is the number of protons in the nucleus of the atom, and this determines the positive charge 

of the nucleus. The number of protons in the nucleus of an atom is also known as the atomic 

number. 

Using a periodic table of elements, locate the desired atomic number. In the example above, 

sodium, symbol Na, has atomic number 11. 

Step 2: Write the Electron Configuration 

Write the electron configuration of the element in the following order and groupings: 

(1s) (2s, 2p) (3s, 3p) (3d) (4s, 4p) (4d), (4f), (5s, 5p), (5d), (5f). . . 

Recall that the numbers (1, 2, 3. . .) correspond to the principal quantum number or energy 

shell level of the electrons in the atom, and this designates how far away the electrons are from 

the nucleus. The letters (s, p, d, f) correspond to the given shape of an electron's orbital. For 

example, "s” is a spherical orbital shape, and "p" resembles a figure 8. 

For sodium, the electron configuration is (1s2) (2s2, 2p6) (3s1). 

In the example above, sodium has 11 electrons: two electrons in the first energy level (1), eight 

electrons in the second energy level (2), and one electron in the third energy level. The electron 

in the 3s1 orbital is the focus of the example. 

Step 3: Attribute a Shielding Value to Each Electron 



The value S may be calculated using Slater’s Rules, named after the scientist John C. Slater 

who developed them. These rules give shielding values to each electron. Do not include a 

value of the electron of interest. Assign the following values: 

1. Any electrons to the right of the electron of interest contain no shielding value. 

2. Electrons in the same group (as found in the electron configuration grouping in Step 2) as the 

electron of interest shields 0.35 nuclear charge units. 

3. For s or p electrons: electrons with one less value of the principal quantum number (energy 

level: 1, 2, 3. . .) are assigned 0.85 units of nuclear charge. Electrons found two or more energy 

levels lower shield 1.00 unit. 

4. For d or f electrons: all electrons shield 1.00 unit. 

For the example above, the answers for Na would be: 

1. 0; there are no electrons higher (or to the right in the electronic configuration) 

2. 0; there are no other electrons in the 3s orbital of Na. 

3. 8.8; Requires two calculations: first, there are eight electrons in the energy level 2 shell, two in 

the s shell, and six in the p; 8 × 0.85 = 6.8. Plus, since the 1s2electrons are two levels from the 

electron of interest: 2 × 1. 

4. 0; there are no d or f electrons. 

Step 4: Sum the S Values 

Add all the shielding charges calculated using Slater’s Rules. 

In the sample problem, the shielding values sum to 8.8 (0 + 0 + 8.8 + 0). 

Step 5: Find Z Effective Using Formula 

Place the values for Z and S into the effective nuclear charge formula: 

Zeff *=* Z − S 

In thexamplee above example for Na: 11 − 8.8 = 2.2 

The effective nuclear charge of the 3s1 electron in the sodium atom is 2.2. Note the value is a 

charge and contains no units. 

The hydrogen atom has a single 1S valence electron. There is no other electron to screen it from 

the nuclear charge of a single proton. 

Screenig constant = 0 

Effective nucler charge = 1.0 - 0 

= 1.0 

https://www.priyamstudycentre.com/2019/04/bohrs-model-hydrogen-atom.html


The helium atom has a two 1S electron. There is one electron to screen it from the nuclear charge 

of two protons. 

Screenig constant = 0.35 

Effective nucler charge = 2.0 - 0.35 

Electron spin 

The quantum numbers n, l, mn, l, m are not sufficient to fully characterize the physical state of 

the electrons in an atom. In 1926, Otto Stern and Walther Gerlach carried out an experiment that 

could not be explained in terms of the three quantum numbers n, l, mn, l, m and showed that 

there is, in fact, another quantum-mechanical degree of freedom that needs to be included in the 

theory. The experiment is illustrated .  

The Stern–Gerlach experiment demonstrated that the spatial orientation of angular 

momentum is quantized. Thus an atomic-scale system was shown to have intrinsically quantum 

properties. In the original experiment, silver atoms were sent through a spatially varying 

magnetic field, which deflected them before they struck a detector screen, such as a glass slide. 

Particles with non-zero magnetic moment are deflected, due to the magnetic field gradient, from 

a straight path. The screen reveals discrete points of accumulation, rather than a continuous 

distribution, owing to their quantized spin. Historically, this experiment was decisive in 

convincing physicists of the reality of angular-momentum quantization in all atomic-scale 

systems. After its conception by Otto Stern in 1921, the experiment was first successfully 

conducted by Walther Gerlachin early 1922.  

A beam of atoms (e.g. hydrogen or silver atoms) is sent through a spatially inhomogeneous 

magnetic field with a definite field gradient toward one of the poles. It is observed that the beam 

splits into two beams as it passes through the field region. 

It is known that a current loop in a nonuniform magnetic field experiences a net force.  

https://en.wikipedia.org/wiki/Angular_momentum
https://en.wikipedia.org/wiki/Angular_momentum
https://en.wikipedia.org/wiki/Quantization_(physics)
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Figure 1: A current loop in a magnetic field. 

 

 

This force arises from an energy E given by 

E=- M.B 

where M is called the magnetic moment of the current loop. A current loop, as the figure 

suggests, is caused by circulating charges. A circulating particle has an associated angular 

moment L. If the charge of the particle is q and its mass is m, then the magnetic moment is given 

by 

M=q/2Ml 

The fact that the beam splits into 2 beams suggests that the electrons in the atoms have a degree 

of freedom capable of coupling to the magnetic field. That is, an electron has an intrinsic 

magnetic moment M arising from a degree of freedom that has no classical analog. The magnetic 

moment must take on only 2 values according to the Stern-Gerlach experiment. The intrinsic 

property that gives rise to the magnetic moment must have some analog to an angular 

momentum and hence, must be a property that, unlike charge and mass, which are simple 

numbers, is a vector property. This property is called the spin, S, of the electron. As the 



expression above suggests, the intrinsic magnetic moment M of the electron must be propertional 

to the spin 

M=   γ S 

In quantum mechanics, spin share numerous features in common with angular momentum, which 

is why we represent it as a vector. In particular, spin is quantized, i.e.  

i.e. we have certain allowed values of spin. Like angular momentum, the value of the magnitude 

squared S2 of spin is fixed, and one of its components Sz is as well. For an electron, the allowed 

values of Sz are 

 

Sz→ msℏ  ms=-1/2.1/2 

 

while S2 has just one value 3(ℏ)2/4, corresponding to a general formula s(s+1)(ℏ)2, where s=1/2. 

For this reason, the electron is called a spin-1/2 particle. The formula s(s+1)(ℏ)2 is generally 

valid for any spin-s particle. The constant γis called the spin gyromagnetic ratio 

γ=  -ge/2me 

where g=2for electrons. Note that γ<0 

For an electron in a uniform magnetic field BB=, the energy is determined by the spin S 

E = - γS⋅B 

We choose the uniform field B to be along the z-direction B=(0,0,B). Since the field lines flow 

from the north pole to the south pole, this choice of the B field means that the north pole lies 

below the south pole on the z-axis. In this case, 

E=−γBSz 

Since γ<0, we see that the lowest energy configuration uas S antiparallel to B Given the two 

values of Sz, we have two allowed energies or two energy levels corresponding to the two values 

of ms: 

E1/2=−γBℏ2 

E−1/2=γBℏ2 

Using the given expression for γ, which is negative, we obtain the two energy levels 

E1/2=eBℏ2me 

E-1/2=-eBℏ2me 



Unlike position and momentum, which have clear classical analogs, spin does not. But if we 

think of spin in pseudoclassical terms, we can think of a spinning charged particle, which is 

similar to a loop of current. Thus, if the particle spins about the z-axis, then S points along the z-

axis. Since the spinning charge is negative, the left-hand rule can be applied. When the fingers of 

the left hand curl in the direction of the spin, the thumb points in the direction of the spin. A 

spinning charge produces a magnetic field similar to that of a tiny bar magnet. In this case, the 

spin vector S points toward the south pole of the bar magnet. Now if the spinning particle is 

placed in a magnetic field, it tends to align the spin vector in the opposite to the magnetic field 

lines, as the figure above suggests. 

Now, when the electron is placed in a nonuniform magnetic field, with the field increasing in 

strength toward the north pole of the field source, the spin-down (ms=−1/2) electrons have their 

bar-magnet poles oriented such that the south pole points toward the north pole of the field 

source, and these electrons will be attracted toward the region of stronger field. The spin-

up (ms=1/2) electrons have their bar-magnet north poles oriented toward the north pole of the 

field source and will be repelled to the region of weaker field, thus causing the beam to split as 

observed in the Stern-Gerlach experiment. 

The implication of the Stern-Gerlach experiment is that we need to include a fourth quantum 

number, ms in our description of the physical state of the electron. That is, in addition to give its 

principle, angular, and magnetic quantum numbers, we also need to say if it is a spin-up electron 

or a spin-down electron. 

Note that we have added spin into the our quantum theory as a kind of a posteriori consideration, 

which seems a little contrived. In fact, the existence of the spin degree of freedom can be derived 

in a very natural way in the relativistic version of quantum mechanics, where it simply pops out 

of the relativistic analog of the Schrödinger equation, known as the Dirac equation. 

Many-electron atoms 

The hydrogen atom is the only atom for which exact solutions of the Schrödinger equation exist. 

For any atom that contains two or more electrons, no solution has yet been discovered (so no 

solution for the helium atom exists!) and we need to introduce approximation schemes. 

Let us consider the helium atom. The nucleus has a charge of +2e and if we place the nucleus at 

the origin, there will be an electron at a position r1r1 with spin sz,1sz,1 and an electron at 

position r2and spin sz,2. As usual, we consider the nucleus to be fixed. The classical energy is 

then 

|P1|
2/2me+|p2|2/2me+e2/4πϵ0[1|r1−r2|−2|r1|−2|r2|]=E 

because these simple products are not correct solutions to the Schrödinger equation. 

This means that the wavefunction Ψ(x1,x2)depends on the full set of 6 

coordinates x1,y1,z1,x2,y2,z2 or r1,θ1,ϕ1,r2,θ2,ϕ2 if spherical coordinates are used, and 2 spin 

coordinates sz,1, sz,2, and that this dependence is not simple! In fact, as the number of electrons 

increases, the number of variables on which Ψdepends increases as well. For an atom 



with M electrons, the wavefunction Ψdepends on 3M coordinates! Thus, it is clear that the 

wavefunction for a many-electron atom is a very unwieldy object! 

As a side bar, we note that the 1998 Nobel prize in chemistry was awarded to Walter Kohn for 

the development of an extremely elegant theory of electronic structure known as density 

functional theory. In this theory, it is shown that the wavefunction Ψ, which depends 

on 3M coordinates, can be replaced by a much simpler object called the electron density 

denoted ρ(r)=ρ(x,y,z). This object depends on only three variables for a system of anynumber of 

electrons. In density functional theory, it is shown that any physical quantity can be computed 

from this electron density ρ(r). 

Consider now an imaginary form of helium in which the two electrons do not interact. For this 

simplified case, the energy is simply 

E= |P1|
2/2me+|p2|2/2me   --e//4πϵ0{2/ |r1|+ 2/ |r2| 

    = [|p1|2/2me−2e2/4πϵ0|r1|]+ +|p2|2/2me   −2e2/4πϵ0|r2] 

       =  ε1+ ε2 

For this imaginary helium atom, the wavefunction can be expressed as an antisymmetric product, 

and because we have included spin, in the ground state, both electrons can be in the 1s(Z=2) 

spatial orbital without having the wavefunction vanish. Recall that, when Z=2 the 1s orbital is 

 ψ100(r,θ,ϕ)=-1/√π(2/πa0)3/2.e−2r/a0 ≡ψ1s(Z=2)(r) 

Multiplying this by a spin wavefunction, the wavefunction for one of the electronsis 

 

ψ(x)=ψ1s(Z=2)(r)ψms(Sz) 

Given this form, the antisymmetrized two-electron wave function becomes 

Ψ(x1,x2)= 12–√[ψ1s(Z=2)(r1)ψ↑(Sz1)ψ1s(Z=2)(r2)ψ↓(Sz2) 

−ψ1s(Z=2)(r2)ψ↑(Sz2)ψ1s(Z=2)(r1)ψ↓(Sz1)] 

      =1/√2ψ1s(Z=2)(r1)ψ1s(Z=2)(r2)[ψ↑(Sz1)ψ↓(Sz2)-- ψ↑(Sz2)ψ↓(Sz1) 

which, by virtue of the spin wavefunctions, does not vanish. 

Given this wavefunction, the energy would just be the sum of the energies of two electrons 

interacting with a nucleus of charge +2e We would need two quantum numbers n1 and n2 for 

this, and from our study of hydrogen-like atoms, the energy would be 

En1n2=    - 4/n1
2  -  4/n2

2   



in Rydbergs. This comes from the fact that the energy of one electron interacting with a nucleus 

of charge +Ze is En=−Z2/n2 E in Rydbergs. So, the ground-state energy (n1=1,n2=1)would be -8 

Ry. In real helium, the electron-electron Coulomb repulsion e2/(4πϵ0r12)e2 increases the ground 

state energy above this value (the experimentally measured ground-state energy is -5.8 Ry). The 

tendency is for the electrons to arrange themselves such that the Coulomb repulsion is as small as 

possible. 

 

Paulis Principle: 

The Pauli exclusion principle is the quantum mechanical principle which states that two or 

more identical fermions (particles with half-integer spin) cannot occupy the same quantum 

state within a quantum system simultaneously. This principle was formulated by Austrian 

physicist Wolfgang Pauli in 1925 for electrons, and later extended to all fermions with his spin–

statistics theorem of 1940. 

In the case of electrons in atoms, it can be stated as follows: it is impossible for two electrons of 

a poly-electron atom to have the same values of the four quantum numbers: n, the principal 

quantum number, ℓ, the azimuthal quantum number, mℓ, the magnetic quantum number, and ms, 

the spin quantum number. For example, if two electrons reside in the same orbital, then their n, ℓ, 

and mℓ values are the same, therefore their ms must be different, and thus the electrons must have 

opposite half-integer spin projections of 1/2 and −1/2. 

Particles with an integer spin, or bosons, are not subject to the Pauli exclusion principle: any 

number of identical bosons can occupy the same quantum state, as with, for instance, photons 

produced by a laser or atoms in a Bose–Einstein condensate. 

A more rigorous statement is that concerning the exchange of two identical particles: the total 

(many-particle) wave function is antisymmetric for fermions, and symmetric for bosons. This 

means that if the space and spin coordinates of two identical particles are interchanged, then the 

total wave function changes its sign for fermions and does not change for bosons. 

If two fermions were in the same state (for example the same orbital with the same spin in the 

same atom), interchanging them would change nothing and the total wave function would be 

unchanged. The only way the total wave function can both change sign as required for fermions 

and also remain unchanged is that this function must be zero everywhere, which means that the 

state cannot exist. This reasoning does not apply to bosons because the sign does not change. 

  

Connection to quantum state symmetry 

The Pauli exclusion principle with a single-valued many-particle wavefunction is 

equivalent to requiring the wavefunction to be antisymmetric with respect to exchange. 

An antisymmetric two-particle state is represented as a sum of states in which one 

particle is in state  and the other in state , and is given by: 

 | φ⟩∑X,Y= A(X,Y)|X,Y⟩ 
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 and antisymmetry under exchange means that A(x,y) = −A(y,x). This implies A(x,y) = 

0 when x = y, which is Pauli exclusion. It is true in any basis since local changes of basis 

keep antisymmetric matrices antisymmetric. 

 Conversely, if the diagonal quantities A(x,x) are zero in every basis, then the 

wavefunction component 

A(X,Y)= ⟨ φ|{|X⟩+ |Y⟩}x |{|X⟩+ |Y⟩} 

This is zero, because the two particles have zero probability to both be in the superposition 

state . But this is equal to 

⟨φ|x,x⟩+ φ|x,y⟩+ ⟨φ |(y,x⟩+ ⟨φ |(y,y⟩ 

The first and last terms are diagonal elements and are zero, and the whole sum is equal to 

zero. So the wavefunction matrix elements obey: φ|x,y⟩+ ⟨φ |(y,x⟩ =0 

Angular momentum  

 

In physics, angular momentum (rarely, moment of momentum or rotational momentum) is 

the rotational equivalent of linear momentum. It is an important quantity in physics because it is 

a conserved quantity—the total angular momentum of a closed system remains constant. 

 

In three dimensions, the angular momentum for a point particle is a pseudovector r × p, the cross 

product of the particle's position vector r (relative to some origin) and its momentum vector; the 

latter is p = mv in Newtonian mechanics. This definition can be applied to each point 

in continua like solids or fluids, or physical fields. Unlike momentum, angular momentum does 

depend on where the origin is chosen, since the particle's position is measured from it. 

 

Just like for angular velocity, there are two special types of angular momentum: the spin angular 

momentum and the orbital angular momentum. The spin angular momentum of an object is 

defined as the angular momentum about its centre of mass coordinate. The orbital angular 

momentum of an object about a chosen origin is defined as the angular momentum of the centre 

of mass about the origin. The total angular momentum of an object is the sum of the spin and 

orbital angular momenta. The orbital angular momentum vector of a particle is always parallel 

and directly proportional to the orbital angular velocity vector ω of the particle, where the 

constant of proportionality depends on both the mass of the particle and its distance from origin. 

However, the spin angular momentum of the object is proportional but not always parallel to the 

spin angular velocity Ω, making the constant of proportionality a second-rank tensor rather than 

a scalar. 

Angular momentum is additive; the total angular momentum of any composite system is the 

(pseudo) vector sum of the angular momenta of its constituent parts. For a continuous rigid body, 

the total angular momentum is the volume integral of angular momentum density (i.e. angular 

momentum per unit volume in the limit as volume shrinks to zero) over the entire body. 
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Torque can be defined as the rate of change of angular momentum, analogous to force. The 

net external torque on any system is always equal to the total torque on the system; in other 

words, the sum of all internal torques of any system is always 0 (this is the rotational analogue 

of Newton's Third Law). Therefore, for a closed system (where there is no net external torque), 

the total torque on the system must be 0, which means that the total angular momentum of the 

system is constant. The conservation of angular momentum helps explain many observed 

phenomena, for example the increase in rotational speed of a spinning figure skater as the 

skater's arms are contracted, the high rotational rates of neutron stars, the Coriolis effect, and 

the precession of gyroscopes. In general, conservation does limit the possible motion of a 

system, but does not uniquely determine what the exact motion is. 

In quantum mechanics, angular momentum (like other quantities) is expressed as an operator, 

and its one-dimensional projections have quantized eigenvalues. Angular momentum is subject 

to the Heisenberg uncertainty principle, implying that at any time, only one projection (also 

called "component") can be measured with definite precision; the other two then remain 

uncertain. Because of this, it turns out that the notion of a quantum particle literally "spinning" 

about an axis does not exist. Nevertheless, elementary particles still possess a spin angular 

momentum, but this angular momentum does not correspond to spinning motion in the ordinary 

sense.[ 

 

The classical definition of angular momentum as  can be carried over to quantum 

mechanics, by reinterpreting r as the quantum position operator and p as the 

quantum momentum operator. L is then an operator, specifically called the orbital angular 

momentum operator. The components of the angular momentum operator satisfy the 

commutation relations of the Lie algebra . Indeed, these operators are precisely the infinitesimal 

action of the rotation group on the quantum Hilbert space.(See also the discussion below of the 

angular momentum operators as the generators of rotations.) 

However, in quantum physics, there is another type of angular momentum, called spin angular 

momentum, represented by the spin operator S. Almost all elementary particles have 

nonvanishing spin. Spin is often depicted as a particle literally spinning around an axis, but this 

is a misleading and inaccurate picture: spin is an intrinsic property of a particle, unrelated to any 

sort of motion in space and fundamentally different from orbital angular momentum. 

All elementary particles have a characteristic spin (possibly zero), for example electronshave 

"spin 1/2" (this actually means "spin ħ/2"), photons have "spin 1" (this actually means "spin ħ"), 

and pi-mesonshave spin 0 

Finally, there is total angular momentum J, which combines both the spin and orbital angular 

momentum of all particles and fields. (For one particle, J = L + S.) Conservation of angular 

momentum applies to J, but not to L or S; for example, the spin–orbit interaction allows angular 

momentum to transfer back and forth between L and S, with the total remaining constant. 

Electrons and photons need not have integer-based values for total angular momentum, but can 

also have fractional values 
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Mathematical background of angular momenta 

 

The commutator implies that for each of L, S, and J, only one component of any angular 

momentum vector can be measured at any instant of time; at the same the other two are 

indeterminate. The commutator of any two angular momentum operators (corresponding to 

component directions) is non-zero. Following is a summary of the relevant mathematics in 

constructing the vector model. 

The commutation relations are (using the Einstein summation convention): 

•  L = (L1, L2, L3), S = (S1, S2, S3) and J = (J1, J2, J3) (these correspond to L = 

(Lx, Ly, Lz), S = (Sx, Sy, Sz) and J = (Jx, Jy, Jz) in Cartesian coordinates), 

• a, b, c ∊ {1,2,3} are indices labelling the components of angular momenta 

• εabc is the 3-index permutation tensor in 3-d. 

The magnitudes of L, S and J however can be measured at the same time, since the commutation 

of the square of an angular momentum operator (full resultant, not components) with any one 

component is zero,  

Addition of angular momenta 

For one-electron atoms (i.e. hydrogen), there is only one set of cones for the orbiting electron. 

For multi-electron atoms, there are many states, due to the increasing number of electrons. 

The angular momenta of all electrons in the atom add vectorially. Most atomic processes, 

both nuclear and chemical (electronic) – except in the absolutely stochasticprocess of radioactive 

decay - are determined by spin-pairing and coupling of angular momenta due to 

neighbouring nucleons and electrons. The term "coupling" in this context means the vector 

superposition of angular momenta, that is, magnitudes and directions are added. 

In multi-electron atoms, the vector sum of two angular momenta is: 

J= J1+ J2 

for the z-component, the projected values are: 

JZ= J1Z+ J2Z 

JZ=mjh 

       J1Z= mj1h 

       J2Z  = mj2h 
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Russell-Saunders or L-S Coupling 

For multi-electron atoms where the spin-orbit coupling is weak, it can be presumed that the 

orbital angular momenta of the individual electrons add to form a resultant orbital angular 

momentum L. Likewise, the individual spin angular momenta are presumed to couple to 

produce a resultant spin angular momentum S. Then L and S combine to form the total 

angular momentum. 

J = L + S 

This kind of combination is visualized in terms of a vector model of angular momentum. 

 

This kind of coupling is called L-S coupling or Russell-Saunders coupling, and it is found to 

give good agreement with the observed spectral details for many light atoms. For heavier 

atoms, another coupling scheme called "j-j coupling" provides better agreement with 

experiment. 

The vector model illustrated above was applied to a single electron, but a similar model can 

be applied when multiple electrons contribute to the net angular momentum. If identical 

electrons are involved, then proper care must be taken to make sure the combinations 

produce an antisymmetric wavefunction upon exchange of identical electrons. For example, 

consider the electron configuration of titanium, (Ar)3d24s2. The 4s electrons contribute to a 

closed shell and the 3d2 electrons contribute the net angular momentum. Under the L-S 

coupling conditions this gives the following. 
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The possibility of J=5 is excluded by symmetry considerations for the identical electrons, but 

the other states can be visualized by the vector model. 

j-j Coupling 

In light atoms, the interactions between the orbital angular momenta of individual electrons is 

stronger than the spin-orbit coupling between the spin and orbital angular momenta. These 

cases are described by "L-S coupling". However, for heavier elements with larger nuclear 

charge, the spin-orbit interactions become as strong as the interactions between individual 

spins or orbital angular momenta. In those cases the spin and orbital angular momenta of 

individual electrons tend to couple to form individual electron angular momenta. 

 

Another case where the overall L and S are decoupled is the case where there is a very strong 

external magnetic field applied. This is called the Paschen-Back effect. 
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SALC Procedure (Symmetry Adapted Linear Combination) 

Simple Huckel Theory to Linear Conjugated Systems 

Each molecular orbital can be written as linear combination of atomic orbitals. If ɸ1, ɸ2, ɸ3, 

ɸ4,……ɸi are the atomic orbitals involved, then the molecular orbital 

Ψ = C1ɸ1 + C2ɸ2 + …+ Ciɸi 

           i 

Ψ = Σ Ciɸi 

        i=1 

 

We know that HΨ = E Ψ and HΨ - E Ψ = 0 

(H-E) Ψ = 0 and Σ Ci(H-E)ɸi = 0 

Let us the consider the equation involving only two terms. 

C1(H-E)ɸ1 + C2(H-E)ɸ2 = 0 

The above equation is multiplied by ɸ1 and integrated. 

C1 ʃ ɸ1(H-E)ɸ1dτ + C2 ʃ ɸ1(H-E)ɸ2dτ = 0 

Let us assume that, 

Hii = ʃ ɸiHɸidτ = α 

Hij = ʃ ɸiHɸjdτ = β 

Sii = ʃ ɸiɸidτ = 1 

Sij = ʃ ɸiɸjdτ = neglected 

The integral Hii gives the energy of the atomic orbital ɸi; and Hij integral gives the energy of two 

atomic orbitals and the value of Sii = 1because they are normalised wave function. Expansion of 

the above equation gives, 

C1 ʃ ɸ1Hɸ1dτ - C1E ʃ ɸ1ɸ1dτ + C2 ʃ ɸ1Hɸ2dτ – C2E ʃ ɸ1ɸ2dτ = 0 

C1H11 – C1E+ C2H12 = 0 

Or, C1α - C1E + C2β = 0 

That is , 

C1(α-E) + C2β = 0 

Similarly, for multi atom systems, we can arrive at, 

C1β + C2(α-E) + C3β = 0 



C2β + C3(α-E) + C4β = 0 

C3β + C4(α-E) + C5β = 0 

The corresponding determinant vanishes if the above set of equations is to have non-trivial 

solutions. 

 α-E β 0 0 0 … 

 β α-E β 0 0 … 

 0 β α-E β 0 … = 0 

 0 0 α-E α-E β … 

 . . . . . . 

  

 α-E 

Put             = x 

           β 

 

The above determinant can be written as 

 

 x 1 0 0 0 … 

 1 x 1 0 0 … 

 0 1 x 1 0 … = 0 

 0 0 1 x 1 … 

 . . . . . . 

Expansion of an n × n determinant yields a polynomial equation, which has n real roots. Hence 

the system has n energy levels. The energy of the pth level is given by 

Ep = α + xp β 

Where xp is the p
th root of the polynomial. 

If the value of xp is positive, the energy level is labelled as bonding molecular orbital. If the value 

of xp is negative, the energy level is called anti-bonding molecular orbital. The energy level 

corresponding to xp being zero is called non-bonding molecular orbital. 

Note: 

1) The term Hii (= ʃɸi H ɸi dτ), called the coloumb integral, represents approximately the energy 

of an electron in a 2p-orbital of the ith carbon atom. It is denoted as “α”. 



2) The term Hij (= ʃɸi Ĥ ɸj dτ), called the resonance integral, represents the energy of the 

interactions of the two atomic orbitals. It is denoted as “β”. 

Vibrational spectroscopy of linear molecules 

 To determine the vibrational spectroscopy of linear molecules, the rotation and vibration of 

linear molecules are taken into account to predict which vibrational (normal) modes are active in 

the infrared spectrum and the Raman spectrum. 

Degrees of freedom 

The location of a molecule in a 3-dimensional space can be described by the total number of 

coordinates. Each atom is assigned a set of x, y, and z coordinates and can move in all three 

directions. Degrees of freedom is the total number of variables used to define the motion of a 

molecule completely. For N atoms in a molecule moving in 3-D space, there are 3N total motions 

because each atom has 3N degrees of freedom. 

Vibrational modes 

N atoms in a molecule have 3N degrees of freedom which constitute translations, rotations, 

and vibrations. For non-linearmolecules, there are 3 degrees of freedom for translational (motion 

along the x, y, and z directions) and 3 degrees of freedom for rotational motion (rotations in Rx, 

Ry, and Rz directions) for each atom. Linear molecules are defined as possessing bond angles of 

180°, so there are 3 degrees of freedom for translational motion but only 2 degrees of freedom 

for rotational motion because the rotation about its molecular axis leaves the molecule 

unchanged. 

When subtracting the translational and rotational degrees of freedom, the degrees of vibrational 

modes is determined. 

Number of degrees of vibrational freedom for nonlinear molecules: 3N-6 

Number of degrees of vibrational freedom for linear molecules: 3N-5 

Symmetry of vibrational modes 

All 3N degrees of freedom have symmetry relationships consistent with the irreducible 

representations of the molecule's point group. 

A linear molecule is characterized as possessing a bond angle of 180° with either a C∞v or 

D∞h symmetry point group. Each point group has a character table that represents all of the 

possible symmetry of that molecule. Specifically for linear molecules, the two character tables 

are shown below: 
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C∞v E 2C∞ ... ∞σv linear, rotations quadratics 

A1=Σ+ 1 1 ... 1 z x2+y2, z2 

A2=Σ− 1 1 ... -1 Rz  

E1=Π 2 2cos(φ) ... 0 (x, y) (Rx, Ry) (xz, yz) 

E2=Δ 2 2cos(2φ) ... 0  (x2-y2, xy) 

E3=Φ 2 2cos(3φ) ... 0   

... ... ... ... ...   



 

so it is necessary to lower the symmetry to a subgroup that has related representations whose 

characters are the same for the shared operations in the two groups. A property that transforms as 

one representation in a group will transform as its correlated representation in a subgroup. 

Therefore, C∞v will be correlated to C2v and D∞h to D2h. The correlation table for each is shown 

below. 

D∞h E 2C∞ ... ∞σv i 2S∞ ... ∞C'2 

linear 

functions, 

rotations 

quadratics 

A1g=Σ+ 

g 
1 1 ... 1 1 1 ... 1  x2+y2, z2 

A2g=Σ− 

g 
1 1 ... -1 1 1 ... -1 Rz 

A2g=Σ− 

g 

E1g=Πg 2 2cos(φ) ... 0 2 -2cos(φ) ... 0 (Rx, Ry) (xz, yz) 

E2g=Δg 2 2cos(2φ) ... 0 2 2cos(2φ) ... 0  (x2-y2, xy) 

E3g=Φg 2 2cos(3φ) ... 0 2 -2cos(3φ) ... 0 
  

... ... ... ... ... ... ... ... ... 
  

A1u=Σ+ 

u 
1 1 ... 1 -1 -1 ... -1 z 

 

A2u=Σ− 

u 
1 1 ... -1 -1 -1 ... 1 

  

E1u=Πu 2 2cos(φ) ... 0 -2 2cos(φ) ... 0 (x, y) 
 

E2u=Δu 2 2cos(2φ) ... 0 -2 -2cos(2φ) ... 0 
  

E3u=Φu 2 2cos(3φ) ... 0 -2 2cos(2φ) ... 0 
  

... ... ... ... ... ... ... ... ... 
  



 

 

 

 

 

 

Once the point group of the linear molecule is determined and the correlated symmetry is 

identified, all symmetry element operations associated to that correlated symmetry's point group 

are performed for each atom to deduce the reducible representation of the 3N Cartsian 

displacement vectors. From the right side of the character table, the non-vibrational degrees of 

freedom, rotational (Rx and Ry) and translational (x, y, and z), are subtracted: Γvib = Γ3N - Γrot - 

Γtrans. This yields the Γvib, which is used to find the correct normal modes from the original 

symmetry, which is either C∞v or D∞h, using the correlation table above. Then, each vibrational 

mode can be identified as either  

IR or Raman active. 

Vibrations of polyatomic molecules 

Polyatomic molecules may vibrate in 3N-5 different ways if they are linear and in 3N-6 different 

ways if they are not. Therefore, the carbon dioxide molecule has four degrees of freedom for 

vibrations (the molecule can bend in two directions); whereas the water molecule has only 

three. Normal modes of vibration are mutually independent motions of groups of atoms; any 

one mode may be excited without leading to excitation of the others. 

For more complex molecules it is advantageous to classify the normal modes of vibration 

according to symmetry in point groups (e.g. C2v for water). These aspects dictate whether 
vibrations are involved in transitions in the IR range of the spectrum, i.e. if the vibration is IR 

active. 

SELECTION RULE: 

The physical meaning of the vibrational selection rule is this: The vibration must change the 

molecular dipole moment to have a non-zero (electric) transition dipole moment. ... As the 

molecule stretches and compresses itself in its one vibrationalmode, the symmetry is 

unchanged, and at no time does a dipole moment exist. 

OR  

C∞v C2v 

A1=Σ+ 

 

A1 

A2=Σ− 

 

A2 

E1=Π B1+B2 

E2=Δ 

 

A1+A2 



A molecule need not possess a permananent dipole moment for absorption of  IR radiation. Only 

a change in dipole moment is necessary during a vibration. using the dipolemoment µ , the 

transition moment integral for absorbtion in IR can be written as  

Pgi= ∫ φg µ φed τ where φg refers to the vibrational wave function in the ground state  φe refers to the vibrational wave function 

in the excited state  

 Where µ= µx+ µy+ µz refers to the components of the dipole moment operator along the three 

axes. This integral e ∫ φg xφed τ is nonzero if the direcrt product representation of φg and φv x is 

totally symmetric. 

Vibrational spectroscopy 

A vibration will be active in the IR if there is a change in the dipole moment of the molecule and 

if it has the same symmetry as one of the x, y, z coordinates. To determine which modes are IR 

active, the irreducible representation corresponding to x, y, and z are checked with the reducible 

representation of Γvib. An IR mode is active if the same irreducible representation is present in 

both. 

Furthermore, a vibration will be Raman active if there is a change in the polarizability of the 

molecule and if it has the same symmetry as one of the direct products of the x, y, z coordinates. 

To determine which modes are Raman active, the irreducible representation corresponding to xy, 

xz, yz, x2, y2, and z2 are checked with the reducible representation of Γvib.
[4] A Raman mode is 

active if the same irreducible representation is present in both. 

EXAMPLE: 

Carbon Dioxide, CO2 

1. Assign point group: D∞h 

2. Determine group-subgroup point group: D2h 

3. Find the number of normal (vibrational) modes or degrees of freedom using the equation: 3n - 

5 = 3(3) - 5 = 4 

4. Derive reducible representation Γ3N: 

D2h E C2(z) C2(y) C2(x) i σ(xy) σ(xz) σ(yz) 

Γ3N 9 -3 -1 -1 -3 1 3 3 

5. Decompose the reducible representation into irreducible components: 

Γ3N = Ag + B2g + B3g + 2B1u + 2B2u + 2B3u 

6. Solve for the irreducible representation corresponding to the normal modes with the subgroup 

character table: 

Γ3N = Ag + B2g + B3g + 2B1u + 2B2u + 2B3u 

Γrot = B2g + B3g 

Γtrans = B1u + B2u + B3u 

https://en.wikipedia.org/wiki/Molecular_vibration
https://en.wikipedia.org/wiki/Molecular_dipole_moment
https://en.wikipedia.org/wiki/Reducible_representation
https://en.wikipedia.org/wiki/Reducible_representation
https://en.wikipedia.org/wiki/Polarizability
https://en.wikipedia.org/wiki/Vibrational_spectroscopy_of_linear_molecules#cite_note-kunju2015-4
https://en.wikipedia.org/wiki/Carbon_Dioxide


Γvib = Γ3N - Γrot - Γtrans 

Γvib = Ag + B1u + B2u + B3u 

7. Use the correlation table to find the normal modes for the original point group: 

v1 = Ag = Σ+ 

g 

v2 = B1u = Σ+ 

u 

v3 = B2u = Πu 

v4 = B3u = Πu 

8. Label whether the modes are either IR active or Raman active: 

v1 = Raman active 

v2 = IR active 

v3 = IR active 

v4 = IR active 

Fermi resonance : 

A Fermi resonance is the shifting of the energies and intensities of absorption bands in 

an infrared or Raman spectrum. It is a consequence of quantum mechanical wavefunction 

mixing. The phenomenon was explained by the Italian physicist Enrico Fermi. 

selection rules and occurrence: 

Two conditions must be satisfied for the occurrence of Fermi Resonance: 

• The two vibrational modes of a molecule transform according to the same irreducible 

representation in their molecular point group. In other words, the two vibrations must have the 

same symmetries (Mulliken symbols). 

• The transitions coincidentally have very similar same energies. 

Fermi resonance most often occurs between fundamental and overtone excitations, if they are 

nearly coincident in energy.[citation needed] 

Fermi resonance leads to two effects. First, the high energy mode shifts to higher energy and the 

low energy mode shifts to still lower energy. Second, the weaker mode gains intensity (becomes 

more allowed) and the more intense band decreases in intensity. The two transitions are 

describable as a linear combination of the parent modes. Fermi resonance does not lead to 

additional bands in the spectrum, but rather shifts in bands that would otherwise exist. 

Idealized appearance of a normal mode and an overtone before and after Fermi resonance. 

Beneath the idealized spectra are idealized energy level schemes. 
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Examples 

Ketones 

High resolution IR spectra of most ketones reveal that the "carbonyl band" is split into a doublet. 

The peak separation is usually only a few cm−1. This splitting arises from the mixing of νCO and 

the overtone of HCH bending modes. 

CO2: 

In CO2, the bending vibration ν2 (667 cm−1) has symmetry Πu. The first excited state of ν2 is 

denoted 0110 (no excitation in the ν1 mode (symmetric stretch), one quantum of excitation in the 

ν2 bending mode with angular momentum about the molecular axis equal to ±1, no excitation in 

the ν3 mode (asymmetric stretch)) and clearly transforms according to the irreducible 

representation Πu. Putting two quanta into the ν2 mode leads to a state with components of 

symmetry (Πu × Πu)+ = Σ+
g + Δ g. These are called 0200 and 0220, respectively. 0200 has the same 

symmetry (Σ+
g) and a very similar energy to the first excited state of v1 denoted 100 (one 

quantum of excitation in the ν1 symmetric stretch mode, no excitation in the ν2 mode, no 

excitation in the ν3 mode). The calculated unperturbed frequency of 100 is 1337 cm−1, and, 

ignoring anharmonicity, the frequency of 0200 is 1334, twice the 667 cm−1 of 0110. The states 

0200 and 100 can therefore mix, producing a splitting and also a significant increase in the 

intensity of the 0200 transition, so that both the 0200 and 100 transitions have similar intensities. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

  
 

https://en.m.wikipedia.org/wiki/Ketone

